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ASYMPTOTIC INFERENCE IN STATIONARY
GAUSSIAN TIME-SERIES

ROBERT B. DAVIES, DSIR, Wellington, N. Z.

Abstract

Conditions are given for the family of distributions of a stationary, dis-
crete-time, Gaussian, vector-valued time-series with covariance structure
given up to a finite number of parameters to satisfy the asymptotic different-
iability conditions introduced by Le Cam (1969).
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1. Imtroduction

We observe n consecutive (vector) observations x,, --+, x,_ , from a stationary
r-dimensional (real) Gaussian process, where n is “‘large’”. We will assume
for the moment that the expectations of the x; are zero. Suppose that the
covariance structure is known up to a finite number of parameters, 6,,-+-, 0,
(denoted collectively by the column vector, 8). In this paper we will show that
under certain conditions the problem of making statistical inferences about
these parameters falls into a class considered by Le Cam (1960), (1969). Since
this theory, concerned with ‘‘Asymptotically differentiable families’’, is not
yet well known a brief summary of the main results is given in Appendix 1.
It will enable us, given a ‘‘good’” estimator of 0 to obtain asymptotically
optimal tests and estimators with properties similar to the classical properties
of likelihood ratio tests and maximum likelihood estimators in the random
sample situation. As is well known if one takes a discrete Fourier transform of
the observed series one obtains a sequence of 1n approximately independent
random variables so it is hardly surprising that results similar to the classical
ones can be obtained.

Whittle (1953), (1962) and Walker (1964) have investigated the properties
of the maximum likelihood and related estimators for the present problem
and Mann and Wald (1943) and Whittle (1951) amongst others have considered
these estimators for the autoregressive /moving average case. Hannan ((1970),
chapter VI) and Parzen (1971) have introduced, for this special case, asymp-
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470 ROBERT B. DAVIES

totically optimal estimators which are based on a preliminary non-optimal
estimator; estimators not unlike that considered in the present work.

In Section 2 the notation and basic assumptions are introduced, several
lemmata are proved in Section 3 and the basic theorems proved in Section 4.
The results are summarized in Section 5. A simple example is also given in
that section. The matrix notation and some results used are given in Appendix II.

2. Notation and basic assumptions

The matrix notation is given in Appendix 1I. In particular note that we will
use * to denote both the transpose of a real matrix or vector and the conjugate
transpose of a complex matrix or vector. Also || A " denotes the Hilbert norm
of a matrix A and | A| the Euclidean norm. For vectors these two norms
coincide and will be written as I-1. The indices of the elements of the n x n
matrices or of the r x r sub-blocks of the nr x nr matrices introduced in this
section will run from O to n — 1 rather than from 1 to n with a corresponding
notation for n and nr-dimensional vectors.

The observed sequence of random variables x,, ---, x,-, will be denoted by
the nr-dimensional column vector X,. We will suppose

.1 EX,) =0.
Also let the r x r matrix

22 n(0) = E(% X'+ m)
and the nr x nr symmetric matrix

C,(0) = E(X,X3)

c c c e Cpe
(23) r 0 1 2 n—1
— €-1 G €1 Cp-2

Cn+1 C-nt+2 C—pt+3 = Co

By Q, will be meant the nr x nr unitary matrix

2.9 Q. =0,®I,

where w, denotes the n x n matrix with exp (27i jk /n) [n? for its (j, k)th element
(0 £j, k£n—1),1,the r x r identity matrix and ® the Kronecker product.

Let
zn;o

2.5) Z =X

Zpn—1
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so that

Zok = n_*fg x;exp {2mi jk [n}
and let 0
(2.6) f(4,0)= E ca(0)exp {2ni mA}.

Condmon Al.2 below will ensure the convergence of (2.6). Note that
Znm Z5m gives the value of the matrix periodogram at frequency 2zm/n and
f(4,0), an r x r matrix, the spectrum of the process. F inally define F,(0) to
be the nr X nr matrix

2.7 F(0) = diag {f(0,6), f(1/n,6),--,f((n — 1) n, 6)}
and
(2.8) G,(0) = Q,C,(0)Q; — F,(0).

We will see that in a certain sense G,(0) is small, a result that is not unexpected
in view of the approximate independence of spectral estimates.

The basic assumptions which we will need to make are as follows.

AO. The set of possible values of 6 is an open set, © in s-dimensional
Euclidean space.

Al.1. The c,(0) are differentiable functions of 0.

Al2. Tz |eal®] <,

lim X [ea0+8)—c(0)] =0, forall 6eO.

ge—=0 m=-ow

oo 2
Al3. =z laok ¢ (0)| < o,
im 3|0+ 9 - g5 @] =0
forallk;lgkgsand(?e@.

Ala. detf(1,6)>0 all ;0<A<1 and 0€O.

Other conditions which will be needed for some of the results are the
following.

A2, jZ t f(l H#0

00,
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for some non-null set of A for each r-dimensional vector ¢ # 0 and 0 € ©.

A3l E m¥| cal0) || < co.
1
5 0
A3.2. ? “%"—c,,,(o) “ <o each k6.
© 9 3

s o E @+ 0 a0 rn [nE-m<o,

lnl;a

§#n

some &, each k, 0.

3. Lemmata

In this section we will consider some properties of Fourier series, covariance
matrices, etc. The first lemma is concerned with generalizing some properties
of Toeplitz matrices — see Grenander and Szeg6 (1958), Sections 5.2 and 7.6.

Lemma 3.1. Suppose a;:j=0, &1, 12, is a sequence of r X r matrices
with Z1a;l* < o0, 4, is an nr x nr matrix composed of n? r x r submatrices,
the (j, k)th one being a;_, (0 = j, k <n), and

aD) =X a;e 4

-0

then the following hold.

0 |4 s swp [a] s E |a].

(ii) If a(2) is positive definite hermitian for all 4 then
|4 |5 sup a0

(iii) 14,12 /n} _% la;1? = fol 1a(2) 12dA.

(iv) If X2, 14a;1 < oo then
lim 1Q,4,Q¥ — diag {«(0),a(1 /n), -, a((n — 1) /M /n¥=0.

n=+ow0

(v) Suppose (B,b,8) and (C,c,y) are related in the same way as (4,a,%)
above and are such that

sup [a(h| < 00, T 15,1 < o0 and y() = a(DFA).
a -
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Then

[~2)
6 = Z a}'bk—j’
-

@

Z gl <,

-

1C,— A,B,1In¥ >0 as n— .

i) If 2,146,12 < oo then n~¥| 4, | >0 as n— .

PI"OOf. (i) suppose X= (x0| *tty Xp— 1)*0 Y= (yOs R yn—l) are nr-dimen-
sional vectors. Then

n—1 n—1
| X*4,Y| = X x7a;- ,‘y,‘l
j=0 k=0
n—1 n—1 1
=z = | xta@yexp{—2mi( - k)).}d).,
j=0 k=0 Jo
1 n—1 * n—=1
- f ) x,ez"f‘} o(h) y,e““dal
o =0 k=0
1 n—1 n—=1
< f T x| Ja] |2 et |aa
0 Jj=0 k=0
%
< sup [EeM U IZ x; ez""l d}.f IZ b ez"‘*‘l dl}

= sup |11 7.

Thus | 4, < sup, | a()|.

(ii) The proof is similar to that of (i) but uses the equality for positive
definite matrices

l4=" | = supx{1 X 12 | X*4 X}.

With the notation as in (i)

L
X*4,X 2 f

z x ew| Ja=t |~
0

2 inf |« |-t1x?
i

and the result follows.
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(iii) The limit result follows from
n-1
14,1°= X (n—|ip1a;?
j=1-n
and the equality from Parseval’s theorem.

(iv) Let G=Q,A4,QF — diag {«(0),a(1/n),--,a((n — 1)/n)}. Then for j#k
(0 £j, k £n — 1) the (j,k)th r x r submatrix of G

1 "= 1 n-1
gp=— X X exp{2nijp/n}a,- qexp{ 2nikq [n}

p=0 g=0

n—1
= — _rlT { f__‘, a,exp{2nijp[n} E exp {2ni(j — k)gq [n}

q=n=p

-p-1

+ X a,exp{2nijp/n} Z exp{Zni(j—k)q/n}}

p=1-n
and forj=k
g;=— X min(l,|p|/n)a,exp{2nijp/n}.
p=—0
Thus we can represent
1 0
G=- X 1O
p

where y, is a matrix with (j, k)th element equal to

n—1
—exp{2nijp/n} X exp{2ni(j—k)g/n} if0Zp<n,

g=n—p

—exp{2nijp/n} X exp{2ni(j —k)q/n} if —n<p=0,
q=0

— nexp {2nijp [n} if j=kand|p|2n

and zero otherwise. For0< p<n

n—1 n—1 n—1

T |2 exp{zni(j—k)q/n}r

j=0 k=0 lq=n-p

17,1

n—1 - n—1 n—1

= X E X X exp{2ni(j — k)(g —r)/n}

gq=n—p r=n—p j=0 k=0

n’p
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and similarly 1 y_,1? = n?p. Hence

"G S nTt T Ip,0 4,0

p=-w

§ min{1,(|p|/m)*} 14,1
p=—oo

and the result follows.

(v) The equality follows from the convolution formula and the inequality
from Parseval’s equality. The matrix C, — 4,B, has (i, j)th submatrix

© i
X g bi—jx — X g bi_j-k
k=-o k=i=n+1
i—n ©
= E akbi—j—k + Z akbi_j_k.
k=—w k=i+1

Thus it is sufficient to show that

1 n—-1 n—1 i~-n 2
-z 3|z akb,-_-_kl
J
B oi=0 j=0 lk=-w
and
1 n—=1 n—1 o 2 .
—_ z akbi—j-kl .
M oi=0 j=0 Mi=i+1 v

tend to zero as n tends to infinity. Consider the first term — the second may be
handled similarly. Let b;,; = b, if i = n — j and 0 otherwise and let B;(2) be the
function corresponding to b;,;. Then the first term is not greater than

1 0 n—1 0 2
7 i=§w j=0 |k=§oo akbj,i_j—kl
1 n—1 1
== 3 | 1e(dBM12dA
n =0 Jo

IIA

1 ) n—1 1
— sup [a@|* Z | 18(D)1%dA
2 J=0 Jo

n—1 @©
sup || a(2) |2 L'y = 1b;12,

B j=0 i=n-j

the equalities following from Result (iii) of the lemima and the inequality from
Appendix II (iii). The final term tends to zero as n tends to infinity and so (v)
follows. ‘
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n—1
(vi) n"*"A,,“ cnt X gl

j=1-n

k-1 n—1 + n—1 3
snt X g +(Z Iajlz) +( la_,-lz).

j=1-k j=k =k

The second and third terms can be made arbitrarily small and the first term
tends to zero as n tends to infinity. This completes the proof of Lemma 3.1.

The second lemma establishes that f(A, 6) may be differentiated with respect
to 0 in an L, sense and that the derivative is the L, limit of the Fourier series
of the derivatives of the covariances.

Lemma 3.2. Suppose Assumptions A1.1, A1.2, A1.3 hold. Then for each k

[ U0+ a)-1a.01- 1.0 |40 as e,
]

where t, has unit kth component and other components zero and h(4,0) is the
L, limit of

N9

. 2mijA
j}_)N 70, ci(B)e

as N tends to infinity.

Proof.
N a 1 2
I e~ oo+ - o]
N 0 0

< —c(0) — —c;
= j=Z—N ‘ Ok c](o) aek c](e + ftk) |

0 0
. I'éykcj(o)_'a_o;cj(o'l'ntk) l

for a suitable choice of &, n between 0 and ¢ by Appendix II (viii). This term is
bounded by

o a a 2
Y Nzpc(0) — s 0+ &t
{,-=_w |ae,, <9) = zg, /0 + ¢ |

© a o 24\ 4
Z l‘a_ek‘cl(O)— ;3—6;-01(9 + ﬂtk)l }

j=-w

which tends to zero uniformly in N as & tends to zero. Hence

1 1 2
J'o Ih(l, 0) —— (12,0 +et) — (4 o)}| di
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® 2
= 2 |ge®- e+ m) - )

tends to zero as ¢ tends to zero. This completes the proof.
Applying these results we obtain Corollary 3.3.
Corollary 3.3. Under Assumptions Al.1, Al1.2, A1.3, Al.4:

@ O] = swp |10.0] s Z @] <,
|Ci6+0—Cy0)| = sup 1/, 0+0 74,0
< % |0+ —c@] 0 as t—0;
(i) [ O s sup[£7'40)] <,
sup " C;1(0+t)" < sup sup"f'l(l,0+t)[|
[eh<s ll<é 2
< oo for some 6 > 0;
11 9 2 = g 2 |
i) o |0 s = o]
1 a 2
- fo Ibe_kf(z,o)l dA < co,

1 0 0 2
= lach,(oH)—achn(e)l

IIA

© d , 0 2
_% |a—0k-Cl(0+ t) - a—e'k—cl(e) I

1 Fl d 2
- fo |%k-f(/1,o +0) = 35 (.0) l da
~ 0 as t—>0;
(iv) the matrix G,(6) defined in Equation 2.8 satisfies
n=%1G,(0)1-0 as n— oo.
W) n-* "(%C,,(B) “-»0 as n— co.
Proof. Part (i) is derived from Lemma 3.1 (i) and A1.2; (ii) from 3.1 (ii),

Al.4, 3.3 (i) and Appendix II (xiii); (iii) from 3.1 (iii) and A1.3; (iv) from 3.1 (iv)
and Al1.2; and (v) from 3.1 (vi) and A1.3.
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A further result following from Corollary 3.3 (iii) and Formula (ix) in
Appendix II is Corollary 3.4.

Corollary 3.4. 1C,(0 + n~*) — C,(0)1 is a bounded sequence in n for
fixed 0, t. ‘

The following theorem is relevant to the discussion of the robustness of the
procedures described in this paper.

Theorem 3.5. Suppose u; i=0,1,---, is a sequence of independent
identically distributed r-dimensional (not necessarily normal) random variables
with zero expectation and variance-covariance matrix o, and p;, i =0, 1,--,
is a sequence of r x r matrices with X2 1 p;1?> < 0, p; = p%; and p, = 0. Then

n-1 n—1
.?{n'* PIEDY u’;pj_kuk}

j=0 k=0
>N (0,22 la*pja*lz)

as n tends to infinity. (% denotes the law or distribution of a random variable
and A"(m,v) denotes the normal distribution with mean, m, variance, v.)

Proof. Suppose U,, P, denote the column vector (u,, -+, #,-,)* and matrix
with (j,k)th r x r submatrix p;_, (0 £ j, k <n). Then the theorem may be
proved by showing that UZP,U, is approximated by UyQ,U,, where Q, is
obtained from P, by deleting all elements except a sequence of m x m blocks
down the diagonal, and then applying the central limit theorem when n is
increased, m remaining fixed.

4. Asymptotic differentiability

We will now show that, under assumptions introduced in Section 2, Le
Cam’s asymptotic differentiability conditions hold. See Appendix I for a
statement of these conditions and some of their implications. Let P,(f) denote
the probability measure corresponding to X, under 6 and let the log likelihood
ratio be denoted by

“4.1 A0,,02) = log[dP,(61)/dP,(68,)]-
In what follows we will denote C,(8 + n~*1), F,(8 + n~*1), etc, where ¢ is an
s-dimensional vector, by C,, F,, etc, and A,(0 + n=*t,0) by A,. In this notation

A, = 3 (logdet Cy — logdet C,
4.2)
+ X*c;'x, - X¥C7'x,).
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Note that if A, is a symmetric matrix (rn x rn)

“43) E(X7 A, X,) = tr(C, 4,),

(4.4) Var(X;4,X,) = 21CE4,CH 12,

and hence to show that X*4,X, + a, is either bounded or tends to zero in
probability it is sufficient to show that tr(C,A4,) + a, and 1C¥A4,CZ | are
correspondingly bounded or tend to zero. This result will be used repeatedly
throughout this section. In what follows it will be assumed that Assumptions
A0, A1.1-A1.4 hold and that 0 belongs to ©. The reader is reminded to refer to
Appendix II for matrix notation and elementary results.

Theorem 4.1. The two sequences of probability measures {P,(0)},-1.,,..
and {P,(6 + n"*f)},-,,,... are contiguous. «

Proof. 1t is sufficient to show that A, is bounded in P, probability where
s=0 ort.

(i) Considering E(A): -
E(A) = 3{tr [C(C3! — C7 Y] + logdet C, — logdet C,}
=4n"*r[C,C.1 (1VC)C - (1VC)C ']

where tVC, = Xt,0C,[36,, u = ¢t for some £ €(0,1), by Appendix IT (vi, vii).
Thus

|EA)| S gn~t1evCaIC, - Ca | €71

(i) Considering the variance of A,
[2VarA]* = 1 CXC ' — Coh) CHy
slalletllcs | 1co-ca

by Appendix II (iii), which is bounded by Corollary 3.3 (i,ii) and 3.4. This
completes the proof.

Theorem 4.2.
Ay — 3n7HXECIL(VCY) Co X, — tr[Co 1 (1 VC)]}
+ 3n""1C (tVCy) Co*12 >0 in P, probability.
Proof. The absolute value of the expectation is equal to

3|logdet(Co C, )+ tr[I — Co €, "+ 3n ~iC5 1 (1VCo) Co* (1 VCH]|-
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It follows from Appendix II (v) that for n large enough this is less than or
equal to .

4] 1ar/a-|a]
+ 4|t [n71C5 (1 VCo) €51 (1VCo) = €71(Co — €)M (Co = 6]

where A =CoC;! —I=(Coy— C)C,”* In view of Corollary 3.3 (i, ii), 3.4
the first term tends to zero. The second term is equal to

In~Htr[Co 1 (tVCe) C 1 (1VCy) — €1 (tVC,) C, (1 VC,)]|

where u, v = &t, gt for some &,1 (0, 1) by Appendix II (viii) and this tends to
zero as n tends to infinity since | Co— C,|, n~*1tVC, — tVC,1-0 and
n"*tVCol, n"H11VC,1, | C5t|, | €| are bounded (Corollary 3.3, i, ii,
iiiy—break the expression into the traces of 4 separate diiferences and apply
Result (ii) in Appendix II.
The variance is equal to
3CYC! - ¢ —nTEC (eVC) G 1 Cé

which can be shown to tend to zero by arguments similar to those already
considered. This completes the proof.

The next theorem may be proved in a somewhat similar manner and its
proof will be omitted.

Theorem 4.3. If t,—t then

A0 +n%,, 0)— A0 +n"*t,0)>0 in P,(0) probability.
Theorem 4.4.

In~t1Co (e VCy) Cot

- % fo 1£ 42, 0) [tV£(2,0)1f (4, 0) 1*dA.

Proof. Let Q, U be square matrices composed of n? r x r submatrices the
(j,k)th being q;_, u;_, respectively (j,k =0,1,-.-,n — 1) where

q; J‘if—a\(l, 0) [t V(4 0)]f ~*(A, O)e~ 24 d,
0

u

1
;= L (4, 0) e 2" g,
It follows from Lemma 3.1 (iii) that

1
1012 >} fohnf-*u, 6) [ V(A )1 ~*(i, 6) 12dA
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as n tends to infinity. Consider
n~ 1017 — 1G5} VC) Cot 1P
< nm 1012 —1U(VC) U P?|
+ 07 IUEVC) UL — 1G5} (tVCo) Co ¥ 12|
< nHIQI+I1UEVC) UL} n Q- U(VC) U
+ a7t {(U? — Co1tVC(U? + Co 1)1V Co} |
< IQI+1U@EVC) U} n~ Q- U(EVCy)U|
+ 073 (CoU? = DtVCo 1 n ¥ 1tVCol | C5 || | U? + Co |

by Appendix II (i) and this may be shown to tend to zero by repeated application
of Lemma 3.1 (v). This completes the proof.

The next theorem follows from the continuity of the c;(6).

Theorem 4.5. The probability P(X, € S) under P,(6) where S'is a measurable
set in nr-dimensional Euclidean space is a measurable function of 6.

It follows that Le Cam’s asymptotic differentiability conditions PO-P4 are
satisfied when A0, A1.1-A1.4 hold and 8, = n~* (P1 follows from Theorem 4.1;
P2 from 4.2, 4.4; P3 from 4.3; P4 from 4.5). We can take

MO}, =3 n'*{xrc;‘(o)a—z;cn(e)c;%e) X,

(4.5) |
o
w[crioz-co) )
wo  er@i=1[ 140 VG0 SO,
(V]
that is,

@7 {TO).=1 J tr {f“a, 0)3%1’(1, 0171(0,6) 351G o)}dz.

The requirement P5 follows from the next theorem.
Theorem 4.6. There exist random variables {T,(f)} such that

L{T(0)} = ZLo{A0)}
and '
sup P{I T,(0 + &) — T,(0)1 > 8} >0 as £ 0.
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Proof. Suppose that for each 6
X.(0) = CXO) U,

where U, is a vector of nr independent standard normal random variables.
Consider

7.0 =117 (O 60 [5-C.O| O X0

tr[C,, @)z €. ]}
Clearly
2{T(0)} = Lo(A0)).

Now consider T, (0 + €) — T, ;(6). The expectation is zero and the standard
deviation equals

(n)~* | C7HO + ) —‘%c,,(o +8)CH0 + o)
J

- CHO - C.OCTO |-
00,
This tends to zero uniformly in n as ¢ tends to zero, since
‘ - 31 9
sup [C 20 +2)], sup * IEC”(B +8) I

are bounded,
sup || C¥(0 + &) — C;¥(6) | - 0 (by Appendix II, xii)
and '
sup n”% I—a—C @ +e— iC (0)| -0
n 06; " o6; "
as ¢ tends to zero. Hence for 6 >0

sup P{| T, (6 +¢)— T, (6)] > 5} >0

as & tends to zero. This completes the proof.

It follows (Q2 in Appendix T) that for almost all 8 ®, A, (8 + n~*1) — A,(6)
— —TI'(0)t in P,(0) probability. This may be extended to all § by an argument
similar to the preceding one. Part of the theory of asymptotic differentiability
requires the non-singularity of the matrix I'(). This may be proved if A2
is satisfied. i
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Theorem 4.7. 1ftVf(4,60) # 0 for some non-null set of A for each non-zero
value of ¢ then I'(f) is non-singular.

The version of A,(0) defined in Equation 4.5 is hardly a practical form as
the numerical manipulation of the nr x nr matrices would be rather difficult.
However as we saw in Corollary 3.3 (iv) C,(0) is approximately diagonalized
by the unitary transformation Q,. This leads to the following theorem.

Theorem 4.8. Suppose Assumptions A3.1, A3.2 are satisfied. Then
n"HXEC 1 (tVC) Co ' X, — tr [Co ' VC)T}
— n"YZ}F; ' (VF) F5'Z, — tr[F5 \(t VF)]}
tends to zero in P, probability as n tends to infinity.

Proof. (i) The expectation is equal to
n~He{F5'(t VFo) — Q,CoQFFg '(t VF)F5 '}
= n"r{G,Fy (tVF,)F5'}

where Gy = QiC,Q, — F, as in Equation (2.8). The absolute value is equal to

n—=1
n7 T o5 G m VAU NG i

. :
= n7E T 1gu0 005 GImE VG Im)fe G im

0
(Appendix I, ii). Now g;; = — Z>_ _ min(1,|p|/n) c,exp {2ri jp/n} and so
n—1 -]
n~% %) lg; ;1 <nt  Z min(l,|p|/n)1c,1 >0
p=—o
(by A3.1) and so the expectation tends to zero.
(ii) Considering the standard deviation
@/ C3[Co (1VC) Co ' — QiF5 (1 VFo) F5'Q,1C41 -0
since n"¥] G, 1, n"*1tVG,1 — 0 (Lemma 3.1, iv). This completes the proof.
In view of Theorem 4.8 we may take

(A = 417 [ Z3F @) 5 FOF 02,
(4.8) ,

—u {F;‘(o)a—‘;‘w)}]
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if Conditions A3.1, A3.2 hold. Alternatively if only A3.2 is satisfied or we wish
to avoid some of the error introduced by this use of the periodogram we might
choose

MOk =217 23570 3 FOF0)Z,

4.9)

- u [0.CO0F O PO O]
: k

Only the diagonal r x r submatrices of Q,C(0QF enter into this formula
and these may be readily calculated from the familiar expression

n—1
1? (1—‘p|/n)cpexp{27n]p/n} (j=0’1""’n_1)-

In the formulae used by Le Cam the estimator 8, is replaced by one which
takes values on a lattice with mesh size of order n™ %, In practice one would
prefer not to have to make this replacement. If Conditions A3.2, A3.3 are
satisfied then it follows from the next theorem that the discretization of 8, is
in fact unnecessary.

Theorem 4.9. If A3.2, A3.3 hold and A, is given by Equation (4.5)
sup 14,0 +n"%E) =A@ +n"t)1-0

lelss
1¢-nk<s

in P,(0) probability uniformly in n as ¢ — 0 for each 6 > 0.
Proof.
| (A6 + 1 ~HE) — A8 + n ™ ¥y
< 307X, 0 | Bug— Bay| + |tr{Dag— Dug}|]
where

Doe=Ci'(0 +n™*0-C,(0+ n™%0),
k

B,.=D,.C, (6 + n"%).
Now n~ '] X,1? is bounded in probability (uniformly in n).
| €6 +1n7%8) — Cu(0 + n" ) |

d -
< |2 G+ n¥[ag + (1 - anl} |

(for some a €(0, 1) by Appendix II (x),
= O(n"*1¢& — 1) by Lemma 3.1 (i), A3.2, A3.3.
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By A3.3
| 5= Co0+n740) = 2,0+ n™4m) | = 0r~*1 = 1)
0, " 36, " |
and so the result follows.

Corollary 4.10. The same result holds for the versions (4.8) and (4.9) of A,.

Up to now we have assumed that the x, have zero expectation. In practice
this assumption would generally not be satisfied and one would subtract the
sample mean from the x, before calculating the value of the particular version
of A, being used. In versions (4.8) and (4.9) of A, this is equivalent to setting
2, o to zero. In order to show subtraction of the mean permissible it is sufficient
to show, still assuming (2.1), that this subtraction makes asymptotically
negligible difference to the values of the three versions of the A,. (We are
assuming that the expected value of the x, contains no information about 9.)
Let X, be the vector obtained by replacing each component in X, by its
corresponding sample mean.

Theorem 4.11.

0 WX, — RGO COC O X~ X

~ BTG 0= CO GO X,
k

tends to zero in P,(0) probability as n tends to infinity.
(ii) If A3.1 is satisfied

n""Ziof"(O)a%f(O)f"(0)2..,0

tends to zero in P, probability as n tends to infinity.

The proof of (i) depends on Corollary 3.3 (v) and will be omitted, and the proof
of (ii) is clear.

This ends the formal theorems in this section. Conditions for the existence of
a /n-consistent estimator of 6 will not be given in this paper. However it
should be noted that global conditions are required, for example, the assump-
tions introduced so far do not imply that different values of 8 correspond to
different probabilities. To prove consistency of the maximum likelihood
estimator presumably some further condition will be required to prevent
spurious maxima in the likelihood function (cf. Whittle (1962), Theorem 3).
However, if the estimator, 8,, is found by maximizing the log-likelihood
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(4.10) —3{nrlog(2n) + logdet C,(6) + X3 C,” ()X}

and version (4.5) of A, is used then A,(8,) vanishes and hence 8, coincides with
the statistic, T,, defined in Appendix I. Thus if A3.2, A3.3 hold (and hence
Theorem 4.9 applies) then if the maximum likelihood estimator is \/n-consistent
it possesses the optimality properties attributed to 7, in Appendix I. Similarly
if the estimator, 8,, is found by maximizing the approximate log-likelihood

4.11) — 3{nrlog(2n) + logdet F,(0) + Z}F, '(0)Z,}

and version (4.8) of A, is used then A,(8,) vanishes. Thus if A3.1,A3.2,A3.3
hold and 8, — 8 = O(n~*) under P,(0) then this version of 0, also possesses the
optimality properties of T,. We note in passing that the asymptotic variance |
covariance matrix, {nI['(6)}~?, of T, agrees with that given by Whittle (1953) in
Theorem 9.

In most of the time-series papers referenced in the introduction it is shown
that the asymptotic distributions of the estimators are independent of the
normality assumption. We give a rough argument to suggest that, under
suitable conditions, a similar result is true for A,(6) and hence presumably for
T,. For suppose X, can be represented

(4.12) xk = €k + 2 aj(e)ék_j, k = O, 1,"’,” - 1,
j=1

where {¢,} is a doubly infinite sequence of independent identically distributed
r-dimensional random variables with zero expectation and with known
variance [covariance matrix

@.13) EGE =0

and a,0), j=1,2,-, is a sequence of r x r matrices whose elements are
functions of the unknown parameters. We will now give a heuristic argument
to suggest that when (4.12) holds under certain (unspecified but reasonably
general) conditions

t*A(0) = In"HXC ' 0)1VCO) C, ' (O X,

- tr[CL(O) 1 VC,(0)]}
has, under P,(6), a limiting normal distribution with zero mean and variance
t*I(0)t. Suppose =, = {£o, ", &p-1)* and X, = I,® ¢ = E(E,ZF). Then X, is
approximately equal to 4,2, where 4, has (j, k)th submatrix I if j =k, a,;

if k > j and zero otherwise, j, k =0,1,---,n — 1. Hence t*A,(0) is approxima-
tely equal to

(4.14) tn A X (R 1A VA, + VA (AN TIETDE,.
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The matrix I, 'A; 1tVA, + tVA} (45)7'%,”! has its diagonal r x r sub-
matrices zero and so asymptotic normality of t*A,(8) follows from Theorem 3.5
since in view of Lemma 3.1 (v) this matrix is approximately equal to one whose
r x r submatrices depend only on their distance from the diagonal. This
completes the heuristic argument. Also deviations of order n~*in ¢ make no
difference to the asymptotic distribution and so presumably ¢ may be replaced
by an estimate. It is not clear how general the model described by (4.12) in
fact is or how one could test that a time series can be described by it. However
it does suggest that one should not carry out ‘unnatural’ transformations to
ensure normality of the marginal distributions.

Finally in this section we make a few comments about the rate of convergence
to the asymptotic forms. The theory of asymptotic differentiability does not
give any indication concerning the rate of convergence; however one might
suspect that the rate of convergence of Postulate P2 in Appendix I would be of
considerable importance on determining this. For version (4.5) of A,(0) this,
in turn, is determined by the convergence of the expressions in Theorems 4.2,
4.4., Tt is not hard to show that this is at rate n~%if A3.2, A3.3 are satisfied

together with
o0 a . 2
(4.15) ) j*|50— (0] <.
1 k
For version (4.9) one would require also
0
i)
40 9 .
(4.16) z " 55 /O “ <o
and for version (4.8) also
4.17) )1: jle®] < .

If these additional conditions for the version of A, (f) being used are not
satisfied one might expect rather slow convergence to the asymptotic results.

5. Summary

We have seen that Le Cam’s asymptotic differentiability postulates, PO-P6
as listed in Appendix I, are satisfied with A, defined as in (4.5) (with the sample
mean subtracted from the observations if E(x,) # 0), J, = n~* and I as de-
fined in (4.7) if AO, A1.1-A1.4, A2 in Section 2 are satisfied. If in addition A3.2 is
satisfied A, may be as defined in (4.9) and if further A3.1 is satisfied A, may be
as in (4.8). These latter two forms are more suitable for numerical work. We
have not considered conditions for the existence of a preliminary estimator §,.
However we have noted that the requirement that it take on values only on a
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lattice with spacing of order n~ % can be relaxed if A3.3 is satisfied. It follows
from the results Q1-Q6 in Appendix I that

T, =0, + 0,I'(8.)A,0,)

in a certain sense contains most of the relevant information in the sample for
n large and further has a distribution close to normal with mean # and variance
82" '(9). In fact, procedures close (in an appropriate sense) to optimal can be
obtained, in general, by applying procedures optimal for normal variables to
T, (or in certain instances to A,(0)). For instance T, has minimum asymptotic
variance amongst asymptotically (locally uniformly) unbiassed estimators of 6.

Example. The following exaniple is chosen to illustrate the theory for a
one-dimensional time-series in which fairly long term dependence is present.
Suppose we sample at unit intervals from a continuous Gaussian process with
spectral density 0, 0, mexp(— |2n0, [) where 6,, 6,€(0, ) are unknown
parameters. Then ’ )

G.1) c(0) = 0,03 |(k* + 62)

and

(5.2) f(4,0) = 0,0, ncosh[8,n(1 — 22)] /sinh (0,7).
Thus

63 gz—lck(e) = 62 (K? + 02),

0 (6) =2K20,0, /(& + 62,
20,

and so the assumptions listed in Section 2 are satisfied. For a one-dimensional
series version (4.8) of [A,(0)], simplifies to

n—1
G4 st T a—g;logf(p/n,m[l 2|2 = £2 I, 0)1 /£ (2 I, 6)

r=0

and [I'(0)];, to

1 d .
(5.5) % L a—e;-logf(l, 0 a%k logf(4,8)dA.

To simplify calculation (especially for a general computer program) one is
inclined to approximate I'(6) by I',(8) where
1 n-1

0
(5.6) (L] = 5 ‘Eo Wlogf (p/n, G)a—%logf (p/n,6)

since the components of this sum must be calculated in order to evaluate

]
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A,(0). Of course when computing (5.4), (5.6) one need sum only in terms
since

Zup=2tn_p and f(p/n,6) = f(1 — p/n,6).

The preliminary estimate, 8,, of 0 is obtained by the method of moments:

(57) [gn]l = EmO’ [971]2 = [én,l. /(6:1-0 - An,l)]*

where é, o, &, ; are the sample variance and first autocovariance. (The method
fails if é, ; <0 and so this preliminary estimator is unsuitable if 6, is small.)
Thus

(5.8) T,=0,+n %I, '0,A,0,)

may be computed. This provides the asymptotically optimal estimate of 6.
Suppose now that the model (5.1) is generalized to

(0 = 0, /[1 + (k[0,)**°]

and we wish to test the hypothesis 8; = 0 against the alternative 85 # 0. If we
are satisfied with asymptotic optimality (amongst locally uniformly asymp-
totically similar and unbiassed tests) against alternatives with 6; = O(n~?%)
then the calculations may be simplified by choosing a preliminary estimator
b, that is \/n-consistent under the hypothesis only — for example, with its
first two components as in (5.7) and its third component zero. This estimating
of 6 under the hypothesis is not unfamiliar (cf. Neyman (1959)) and may be
justified in the present context with the aid of Result 2 on p. 29 of Le Cam
(1969). With this preliminary estimator the first two components of A, are as
above and the third may be calculated without too much difficulty. Similar
remarks apply to I', and so T, may be calculated. The asymptotically optimal,
asymptotically level « test is then to reject the hypothesis 03 = 0 if

I[Tn]sl > zl—’}a'[rn—l(gn)]?.%

where z, is such that the probability that it is exceeded by a standard normal
random variable is a.

The model (5.1) has been simulated with n =256, 8, =1, 6, =2 and one
hundred realizations of [T,], are presented as a normal probability plot in
Figure 1, together with a line corresponding to a

'/V(ez,”_x[rn—‘(e)]zz)

distribution. The reader is refered to Daniel and Wood (1971) for numerous
simulations of probability plots in order to obtain an idea of the goodness of
fit that can be expected. However it appears that simulations of the present type
are rather sensitive to the limitations of the random number generator being
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Figure 1

used and so should be treated with a certain amount of caution. Nevertheless
this plot suggests that a significant amount of bias is present but that the
variance of [T,], is fairly close to that predicted by the asymptotic formula.
There is also a suggestion of an extension of the lower tail. The bias is roughly
halved if version (4.9) rather than (4.8) of A, is used but is still larger than one
would like. With n = 128 the fit was much poorer, the lower tail being rather
extended with the occasional very low outlier. Possibly the overall fit could be
improved by choosing a different parametrization in an effort to make the
problem more “‘linear’’. However in view of the long term dependence present
in this time-series and the need for a large number of observations for accurate
estimation of parameters of time-series in general it is perhaps not surprising
that a large value of n is required for the asymptotic distributions to be a
reasonable approximation to the actual ones.
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Appendix I. Asymptotically differentiable families

In this appendix we will state some of the main results of the theory of
asymptotically differentiable families of experiments developed by Le Cam
(e.g. (1969), pp. 57-87). We are given.a sequence of ‘‘experiments’’, &,

={Z,, &, Pro}, 0O, n =1,2,---, where &, is the set of possible outcomes,
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X,, of the nth experiment, ./, a sigma-algebra defined on %,, and P,, a
family of distributions defined on o/, and indexed by 0 € ® where ® is a set of
““theories” about the experiment. We observe X,e %, drawn according to
P, 4 for some unknown 6 ® and wish to make inferences concerning 6. The
theory of asymptotically differentiable families shows that, under apparently
innocuous assumptions, for n large enough, most of the information in X,
concerning 6 is summarized in a statistic T, and further this statistic is ap-
proximately normally distributed.

First we require a definition — equivalent to that given by Le Cam ((1969),
p. 28).

Definition. Suppose we are given a sequence of experiments with just two
probability measures for each n denoted by P, and Q,. Suppose ¢, is a test of
the hypothesis that an observation X, comes from the probability measure P,
against the alternative that it comes from Q,. Let «, be the significance level
and B, the power. We will say that the sequences of probability measures {P,}
and {Q,} are contiguous if for all possible sequences of tests ¢,

(i) limsup f,=1= limsup a,=1,
(ii) . lim inf o, = 0= lim inf 8, = 0.

In effect {P,} and {Q,} are contiguous if, for large n, statistical techniques are
required to distinguish P, and Q,. For more properties of contiguous sequences
of probability measures see Le Cam (1960), (1969) and Roussas ((1972), ch. 1).
In particular note that a necessary and sufficient condition for {P,} and {Q,}
to be contiguous is that the log-likelihood ratio, log dQ,/dP,, is bounded in
both P, and Q, probability as n tends to infinity.

Returning to the original problem let

An(ea ll’) = IOg deO /dPn,w

with A, = — oo when P, 4 is singular with respect to P, , and co when P, , is
singular with respect to P, 5. Suppose 8,, n = 1,2, -, is a sequence of positive
numbers tending to zero (e.g., 6, = n~¥).

Definition. A family of experiments {&,}, n=1,2,---, is asymptotically
differentiable if the following conditions, PO-P4, are satisfied.

PO. © is an open set in &#*.
P1. The sequences of probability measures
{Pn,0+6,.t} and {Pn,o}’ n= 192, °tty

are contiguous for each te%#* and 0 ®.
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P2. For each 0 € © there exists a sequence of s-dimensional random variables
A,(0) and an s x s matrix I'(f) such that!

A0+ 6,1,0)— t*A (6) + 1 *T(0)t—> 0
in P, o probability for each t € #° (regarded as an s-dimensional column vector).
P3. If t,—~ t in #° and 6 € O then
A0 +6,1,,0)—A0+35,t,0)—>0
in P,, probability.
P4. If A € o/, the function 6w— P, ((A4) is a Lebesgue measurable function.

These are the main postulates, P1 and P2 being the major ones; P1 (together
with P6, P7 below) ensuring that we are looking at appropriately sized
perturbations in 6 and P2 stating that the log likelihood can be suitably ap-
proximated by a type of Taylor expansion. Note that in many applications A,
will be able to be taken as §, times the derivative with respect to 6 of the
logarithm of a probability density corresponding to P, , and I'(6) as the limit
as n tends to infinity of — 62 times the expected value of the second derivative.
Three more conditions are required for some of the results.

P5. If m(6,t,n) denotes the Prokhorov distance (e.g., Billingsley (1968),
p. 238) between the distribution of A,(f) under P,, and A,(0 + 6,f) under
P,g+s, then for each 0

lim sup m(0,t,n) >0 as t > 0.

n=o

P6. T'(0) is non-singular for all fe O.

P7. For each n there exists an estimator, 8,, (i.., a measurable function of
X,, not dependent on 0 and taking values in ©) such that for each ¢ > 0, 0 ©

lim sup P,,{18, — 01> 6,b} < ¢ for some b.
n—+o0

It will be supposed that 0, takes on only values on a lattice of points with
spacing 4,.

Postulate P5 is a convenient way of ensuring that if A,(6) has a limiting dis-
tribution under P, , as n tends to infinity then this limiting distribution is a
continuous function of 6. P7, required to locate the vicinity of 8, is different
from the other assumptions in that it is global rather than local. The require-
ment that §, takes values on a lattice is used for showing that 6 + J,¢ can be

! Le Cam proves this result from an apparently more general one; this is all that is
required in the preseint context.
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replaced by 8, in Result Q2 below. With suitable conditions on A, this require-
ment can be relaxed.

Le Cam shows that if Conditions PO to P7 are satisfied then the following
six results hold.
Ql. For all 6@, Z{A,0)|P,q} »> #{0,T(6)}.

Q2. For almost all e ©®
A, 0 + 6,t) — A,(0) » — T (Ot in P,, probability.

This result is true for all 8 € © if A,(0) is suitably chosen—we will assume that
this has been done.

Q3. For each n, 8 © there exists a family of distributions (actually an
exponential family), Q,4, on (%,,,) such that for each b >0
sup  sup |Q,0(4) — Pyoss,(4)| >0 as n— o,

It <b desty

and such that under Q, ,., A,(6) is sufficient for ¢. Thus A,(0) is ‘“asymptotically
sufficient’’ for @ + J,t for bounded ¢.

Q4. Suppose that T,=0, + 6,I'~'(8,)A,(0,). Then for each 6e® T, is
asymptotically sufficient for @ + §,¢ for bounded ¢.

Q5. Z{5, (T, — 6)| P, o} = A#{0,T-1(O)}.

Q6. Let G,4, denote the A" {0 + 5,1, 52I'~*(0)} measure on %#* and F,,

denote the measure corresponding to T, under P,,. Then for each § € © there
exists a function ¢,: #Z° — %° such that as n — oo

6, sup 1,(v) —v1-0
v
and for each b >0

sup sup IGn,B,t[¢: 1(A)] —F n.9+6,.t(A)| — 0.

fltll<b Aeofn
Thus, in general, if a procedure would be optimal when T, had exactly a
normal distribution: with unknown mean 6 and known variance 82I'1(d,),
then it will have a similar asymptotic optimality property for the present
problem — provided that it involves only functions of T, that are discontinuous
only on a set of measure zero. For example, for convenience letting s = 1,
suppose U, is a function of X, such that
() lim limsup sup|E,q45,5{6, '(U,— 6),b} —t| =0

b=+ B~ ltf< ¢

for some ¢ >0, e ® where P(x,b) =x if |x|< b, 0 otherwise and E,
denotes expectation under P, o. Then
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(ii) lim liminf E, ,9{6;%(U, — 6),b}

b—w n—w

2 lim lim E, {6, %T, - 0)% b}

b+ n—w
= I'(0);

i.e., T, has minimum asymptotic variance amongst asymptotically (locally
uniformly) unbiassed estimators of 0. This resvlt may be derived from Q1-Q6
with the following line of reasoning. Suppose U, satisfies (i) but not (ii). Then:

(a) In view of Q4 there is a family of probability measures Q,.,,, arbitrarily
close to P, 945, for n large enough and under which 7, is sufficient for ¢. Then
under Q, ,.,, U, may be replaced by U,(T,), a function of T, and possibly a
random variable whose distribution is independent of ¢. Further under Q,,,,
U, and hence U,(T,) satisfies (i) but not (ii). And so under P, 4.5, U/T,)
satisfies (i) but not (ii).

(b) Suppose W, has a A{0 + 5,t. 52T~ 1(0)} distribution. Then in view of
Q6 there is a function ¢, such that ¢,(W,) has a distribution arbitrarily close to
that of T,. Thus U,(¢,(W,)) satisfies (i) but not (ii).

(c) It can be shown using an argument involving the Cramér-Rao inequality
that if U, is a function of a A°{0 + ,t, 62I'~1(0)} randcm variable and a
random variable whose distribution is independent of ¢ then if (i) holds so
does (ii).

Appendix IT. Matrix notation and elementary results

Suppose A is an m x n matrix and x is an n-dimensional column vector.
The Hilbert norm of A is denoted by

||A|| =sup {14x1:I1x1=1}

where | x | denotes the usual L, norm of the vector x, and the Euclidean norm
of A is denoted by

*
1AL = [tr(44M]F = [ Py jZ Iaulz]
i

where the a; | are the elements of 4 and A* denotes the conjugate transpose of A.
For matrices of a given size the two norms are topologically equivalent and in
this paper in the fixed size situation the norm which leads to the simplest
formulae is used. When one considers sequences of matrices of increasing size,
however, the two norms have rather different properties and it is necessary
to use the appropriate one. Scalar operations applied to matrices will be
understood to apply termwise. Thus 04 /96 is the matrix of derivatives of the
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elements of 4 when these are differentiable functions of 6. By t VA is meant
the sum . P

Xty A

e 06,

where t is the vector (t,---,¢)* and A is a function of 8 = (0,,---,0,)*. If A is
positive definite hermitian A* denotes the (unique) positive definite square
root of A.

Some of the matrix results (for n x n matrices A and B) that we require are:

M |tr(4)] < nt1 41,

(ii) |tr(AB)| S Al 181,

(iii) 14B1 <[ 4] 1B,

(@iv) 4] s141<n¥| 4],

) |logdet(I + A) — tr(4) + }tr (Az) |

S 4l 1ara- A if 4] <1.

If the elements of 4 and B are continuously differentiable functions of 6 then:

. 0 -1 _ _ 4-1 0 ~-1
Y w4 =4 (WA)A ’
. ) B ., @

(vii) 20 logdet(4) = tr (A ¥ ),

i) e {A@©)BY))
tr{[40+ 0,2 a0y (50 +v55- 3w |

fIA

|4 + 6 55-4@] | 5O+ w35-8)]

where 0, = £0, Y, = ny for some &, n€(0,1).
If 6, <6, then:

(ix) 140)) - 401 510, - 0, |5 40
for some 0 with 6, <0 <6,,

d
® | 46 - 40| < [0, ~ 0, ] | 5540 |

for some 0 with 08, <0 < 0,.
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(xi) If A4 is positive definite hermitian then
|4at] = {4]*
(xii) If 4 and B are positive definite hermitian matrices and
|4a-B|<e/]4a]
with ¢ < % then
|4* - B < ef] 473
(xiii) If A is non-singular and | A — B|| < 1/| 4~*| then
[B-*s|a-t|/mL= 4] [4-B]].

Proof. Results (i, ii, iii, iv, vi, vii, xi) are either well known or trivial. The
others may be proved as follows.

(v) By making a Taylor expansion of logdet(I + 64) using Results (vi, vii)
and putting 6 = 1 we find

logdet(I + A) = tr(4) — 3tr(42) + +tr {(I + 04)~ 343}
for some € (0,1). Thus ,
|logdet(I + A) — tr(4) + 3tr(4?)]

< a4 |a+e4)-2|
and the result follows.

(viii) First note that if C(x), D are matrices, C being a differentiable function
of x, then

tr{C(x)D} = t{C(0) D} +x —gc——tr {C(x) D}
1

tr {[C{O) + x—éi—lC(xl)]D }

for some x, with 0 < x, /[x < 1. Note that this equality is valid when D is also a
function of x. Thus

tr {A(8) B())}

tr {[A(O) +0 Bg:A(Bl)] B(w)}

e{[40+0 40| |50+ b8 }

where 0, = £0, y; = mf for some &, ne(0,1). The inequality follows from (ii).
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(ix) follows from (viii).

® YHA®) — AB)}x = 0y — 05" o AD)x

for some 6 €(8,,8,). For a suitable choice of x and y the left-hand side is equal
to 1x1 1yl || A(8,) — A(8,) | and the result follows.

(xii) Consider the sequence of matrices, Sy, k =0,1,2,---, with S, = B%.
Sk+1=Sk + J‘ eXp(— S,J)(A-—S,%)exp(— Skt)dt.
0 .

Then it can be shown that Sf — A as k— co and that
2 Suvu - 5il 50747
(cf. Lancaster (1969), Formula 8.5.1).
(xiii) B-'= A~' 4+ A=1(4 — B)B~" and hence
-4 5|4 + 4] 4] |5,
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