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1. INTRODUCTION

This work was suggested by a series of papers by Heyde and others

on parameter estimation and hypothesis testing for certain '"nonergodic"
or "evolving" stochastic processes, especially the supercritical
Galton-Watson process. See, for example, Heyde (1975, 1978), Basawa,
Feigin, and Heyde (1976), Basawa and Scott (1976), Basawa (1977),

and Dion and Keiding (1978). An extensive list of references is given
by Basawa and Scott (1983). For these processes it was shown that the
maximum likelihood estimator has asymptotic properties that must be
regarded as extensions of the usual ones. In particular, the Fisher
information matrix must be replaced by a random matrix. However,
questions about optimality are difficult to answer, particularly when
one needs to consider limits as n tends to infinity.

Rather than proving asymptotic properties directly, we show that
the real problem can be approximated by what we refer to as the limit
experiment. Questions of statistical inference and optimality can
then be discussed for the limit experiment independently from any
asymptotic arguments.

The appropriate limit experiment is introduced in Section 2,
and in Section 3 the asymptotic approximation argument is given.

The approach and technology is that of Le Cam (1969), pp. 57-87. Our
work closely parallels work by Jeganathan (1980, 1981, 1982) and
Basawa and Scott (1983). However, we try to be rather more explicit
in our separation of optimality and asymptotic arguments.

The application to the supercritical Galton-Watson process is
considered in Section 5. It turns out that our framework is also
appropriate for some sequential analysis problems, and this is con-
sidered in Section 6. Rather than proving directly that the condi-
tions given in Section 3 are satisfied for these two situations, we
find it convenient to imbed them in an i.i.d. situation and deduce
the necessary results from the corresponding results for this i.i.d.

situation. The theory for doing this is given in Section 4.
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Finally, in Section 7 we briefly look at optimal inference
methods in the limit experiment and the transferring of these to the

real problem.

We use to denote the L, norm of a vector or the norm
sup{f(x)dM(x) : fI < 1} of a signed measure M. Transposes of vectors
are indicated by '; 1(4A) denotes the indicator function of a set 4;
pr means probability; #(X) denotes the distribution of a random vari-
able X; My, L) denotes the normal distribution with mean u and
variance/covariance matrix L. A sequence of random variables X, in
R”, or their distributions, will be said to be relatively compact if

lim lim sup pr("Xn" >ec) =
C"W n-bm

We shall have to use the following lemma several times; so it

is convenient to state it here.

Lemma 1.1: Let P, and P, denote two probability measures on a measure
space (%, &) and Qo and Q1 denote the.probability measures they
induce on a sigma field & C /. Suppose ¢ is a bounded .“/-measurable
function such that ¢ = 0 when P, is not absolutely continuous with

respect to P . Then
de,

B, ____ 2
dQ = E7(1 - ¢) + K, (
where E"? denotes conditional expectation under P, given %#. 1In par-
ticular, if P, << P, then

dq, ég(dP \
=k
dQ° Nl

2. THE LIMIT EXPERIMENT

The limit experiment, that is, the hypothetical experiment used to
approximate an actual experiment, is defined as follows. We observe
A, an r-dimensional random vector, and T, an r x r random positive
definite matrix, where A and T have joint density with respect to

some measure of the form

p(l, 15 t) = exp{t'A - t'tt/2}p(A, T; 0), (2.1)
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where ¢ is an r-dimensional vector of unknown parameters. Note that
if X represents the outcome of an experiment and has density of the

form
p(X; t) = exp{t'A(X) - t'T(X)t/2}p(X; 0) (2.2)

with respect to some measure, where A(X) and T(X) are a vector and a
positive definite matrix function of X, then A(X) and T(X) are suffi-~
cient for ¢ and have joint density (2.1). Thus (2.2) can be regarded

as an equivalent form of the limit experiment.

Examples

(i) Suppose X represents a Wiener process with drift ¢ observed
over a time [0, 7], where T is a stopping time (possibly random-
ized but almost surely finite for all ¢) and A = X(T) represents
the value of the process at the stopping time. Then, according
to Freedman (1971, p. 98), X has a density of the form (2.2)
with dimension r = 1. However, not all one-dimensional models
of the form (2.1) can be represented in this way.

(ii) Observe a random positive definite r x r matrix whose distribu-
tion is independent of ¢ and then a random r-dimensional vector
A such that

Z|t; t) = M1t, T). o (2.3)
Then A and T have a distribution of the form (2.1). In fact,
this simple version of the model turns out to be the one that
is usually appropriate for estimation problems.
We examine some simple properties of (2.1). Let q, denote the
marginal probability measure of T. Using Lemma 1.1, we have

L. {20 1
dq Np(A, t; 0)

T} = et g (et 1), (2.4)
0

where F, denotes expectation under p(A, T; 0). Using moment gener-

ating functions, we can then show the following proposition.

Proposition 2.1: If A and T have joint density given by (2.1), then

the following three conditions are equivalent:

(i) The marginal distribution of T is independent of ¢.
(1) LA|t; 0) = Mo, T).
(iii) Z(A|t; ¢) = Mztt, 1) for all t.
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In the special case (2.3), T is an ancillary statistic, and the

obvious estimator of ¢ is
T = 171A, (2.5)

This estimator is also the maximum likelihood estimator of ¢ in the
general case and approximately Bayes if ¢ is assigned a diffuse
normal prior. However, the family of densities described by (2.1)
is an example of a curved exponential family as defined by Efron
(1975), and so entirely satisfactory hypothesis tests will not be
available. Questions of optimal inference are discussed further

in Section 7.

3. THE ASYMPTOTIC THEORY
This section contain; the main approximation theorem. Parts of this
section represent an extension of results given by Le Cam (1969, pp.
57-85), and are closely related to results given by Jeganathan (1980,
1982) and Basawa and Scott (1983). Other very relevant work appears
in Le Cam (1974, particularly pb. 195-224).

In the tradition of statistical asymptotic theory, we imagine
that we have a sequence of ekperiments. Let X, denote the totality

th experiment, 2, is the set of all possi-

of observations from the n
ble values of X,, %/, is a o-algebra defined on 4,, and P,(0) is a
family of probability measures defined on ., which, for a given
value of 6, describes the distribution of X,. Let O denote the set
of possible values of 6, the unknown parameter about which we want to
make inferences. We suppose O is a subset of r-dimensional Euclidean
space R”. We also suppose that for each 6 there is a sequence of
positive numbers §,(0) tending to zero as n tends to infinity. These
are intended to show the general size of the error made by a good
estimator of 6. Thus in the regular i.i.d. situation, one could
take §,(8) = n"1/2,

We want to prove that for each 0 € O there is a family of
distributions of the form (2.2) with the following properties.
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Bl.

BZ.

If 5,(X,) is a sequence of random variables in RX, relatively
compact under P, (6), then there is a random variable S(A, 1)
with A, T distributed as in (2.2) and a subsequence n' such
that for each X

.g{Sno(an); Pn:(e + Gn:(e)t} "*.gt{S(A, T)} (3.1)
uniformly for |¢| < k.

If S(A, 1) is a function of A, T that is continuous almost
everywhere under (2.1) with ¢ = 0, then the sequence

Sy = 81, (T, - 6)/8,(1), 1,} (3.2)

satisfies (3.1). T, and T, are functions of X, to be defined
later in this section.

These results make it easy to relate asymptotic properties of

tests and .estimators to corresponding (nonasymptotic) properties of

tests and estimators for the limit experiment described in Section 2.

This

is considered briefly in Section 7.

Now consider the conditions under which Bl and B2 hold. Define

the log-likelihood ratio (taking values in [-w, o]),

Then

AO.
Al.

A2.

A3.

Adb.

A8y, 8,) - log{dP,(8,)/dP,(6,)}. (3.3)
the conditions we require are as follows:

O is an open set in RT.

For each 6 €0, {5,(6)},.,,,,... is an infinite sequence of real
numbers such that

(1) 6,(8) + 0 as n » oo

(ii) for each ¥ < 0, 6,{6 + 8,(8)t}/8,(6) + | uniformly in ¢
for ¢ an r-dimensional vector with lt] < k.

For every vector ¢ and 6 € O, the two sequences of probability
measures {P,(6 + §,(0)¢)} and {P,(6)} are contiguous [see
Le Cam (1960, p. 40)].

There exist sequences of random vectors {A,(8)} and symmetric
random matrices {t1,(0)} such that for each r-vector t and
6 €0,

A6 + 5,(0)t, 8} = t'A,(8) - t't,(0)t/2 + €n,p,ts

where €, ¢ ¢+ 0 in P,(0) probability.

If ¢, is a sequence of r-vectors with t, >t and 6 € O, then
A0 + 8,(6)t,, 8} - A {6 + 6,(0)¢, é} -0

in P, (8) probability.
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A5. Either A5.1: For each 6 € 0,
Z{A,(0), 1,(0)} ~ Z{4(8), 1(6)}

under P, (6), where A(8) is a random vector, T1(86) is an almost
surely positive definite random matrix.

Or A5.2: For each 6 € O and each r-vector t,
L1, (0} %, (1)}

under P, (06 + §,(0)¢t), where T(6) is a random matrix, almost
surely positive definite under.ﬁ%'o.

A6. For each 0 € © and each X > 0,
,{6 + 6,(0)¢} - T,(0) + 0

in P,(6) probability, uniformly in ¢, an r-dimensional vector
with |t < k.

A7. For each n there exists an estimator én (i.e., 0, is a function

of X,) such that for each 6 € O the sequence {|8, - 0[/6,(8)}

is relatively compact under P, (0).

This completes the statements of the conditions. One can also
consider the conditions applied for a single value of 6, in which
case Al(ii) and A7 can be omitted. Our conditions represent an
extension of the conditions of Le Cam (1969, pp. 61, 79). 1In con-
trast to Le Cam's condition 2, we have included a random quadratic
term in A3 in place of a fixed term of unspecified form. Le Cam
shows that his fixed term must, in fact, be a quadratic term, and
Jeganathan (1980) shows that, in our case, the random quadratic term
is the only form possible.

Our first theorem follows from Theorem 2.1(6) of Le Cam (1960,
p. 40).

Theorem 3.1: Under AO-A4 and AS5.1,
L{8,(0), 1,(8); P, (B + §,(8)8)} + & (A, T)

where A and T have a joint density of the form
pe(A, T; t) = exp(t'A - t'Tt/Z)pe(A, T3 0). (3.4)
Two corollaries follow from formula (2.4) and Proposition 2.1.

Corollary 3.2: Under AO-A4, the conditions A5.1 and A5.2 are

equivalent.
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Corollary 3.3: Under A0-A5 with the notation of Theorem 3.1, the

following three conditions are equivalent:

(1) %, (8]t = o0, D).
(1) &, [(Al1) = AM1t, 1) for all t.
(iii) ig’t(T) is independent of ¢.

Note that if ¥{1,(6); P,(6)} converges to its limiting dis-
tribution uniformly in 6, and if this limiting distribution is a
continuous function of 6, then the third condition of Corollary 3.3
must hold. So for most estimation problems where the conditions
hold for a range 6, the appropriate limit experiment is the mixed
normal case (2.3).

We now state the main approximation theorem, which is a direct

adaptation of a corresponding theorem of Le Cam.

Theorem 3.4: Suppose AO-A5 are satisfied. Then for each 6 there

exists a family of probability measures {Qn,e,t: t € R"} of the form

dQ,,6,:= explE'A,(0) = t'1,(8)t/2)}e, (8, £)dR, 4 o (3.5)
where ¢,(06, t) is nonrandom such that for each X

sup [@, 6. 4- Pu(8 + 8,(0)t)] >~ 0
leh <x =

as n » o, and

sup |, (8, t) - 1| ~ 0
lel < x

as n > oo,

Proofs of this theorem have been given by Jeganathan (1980, 1982)
and Basawa and Scott (1983). Nevertheless, this theorem is central
to our discussion; so a proof is given in the appendix. The family
@,, 5, ¢+ 1s not exactly of the form (2.2) owing to the presence of
e, (0, t). It would be possible to get rid of e, (8, t) by applying
small corrections to A,(0) and 1,(0). However, (3.5) is all we need
to show {A,(0), 1,(0)} to be sufficient for t.

This establishes that {An(eo), T,(0,) 1is asymptotically suffi-
cient for 6 in neighborhoods of 8y of radius of order §,(8,). To

get a statistic that does not depend on 0,5 we need to replace 6, by
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an estimate. First, we need a lemma that is proved in the same way

as the corresponding lemma given by Le Cam (1960, p. 55).

Lemma 3.5: Suppose conditions A0-A6 hold. Then A,(8) can be chosen

so that for all § € 0 and bounded sequences t,,
A6 + 6,(8)t,} - {A,(8) - 1,(0)t,} + O (3.6)
in P, (9) probability.

To avoid extra continuity conditions of A,(0) when we replace
t, with (8, - 6)/6,(0), we follow the approach of Le Cam and modify
6, so it can take on only a bounded number of values. This is
slightly more complicated to do when §, depends on 8, but can be
done by letting én be the integer multiple of

Zlntllogz(én(én)}]

nearest to én, where Int(x) denotes the integer part of x. If én
satisfies A7, so does @n; but for each 6, with a high probability,
6, has only a bounded number of possible values. With 4, satisfying

(3.6) one can show that
(8,08, + T1,(B, - ©)/6,(8)} = A,(8) + 0
and also that
1,(8,) - 1,(8) » 0,
both in P, (6) probability. Let
Tn = T4 (00); (3.7a)

T, én + 6n(§n)T;1An(én)- (3.7b)

Then 1,(T, - 6)/6,(8) and 1, are candidates for A,(8) and T, (0)
in A3, A5, and A6. Thus we can state Theorem 3.6.

Theorem 3.6: Suppose AO-A7 are satisfied, A,(0) satisfies (3.6), and
Ty, and 1, are as defined in (3.7). Then for any 6 there is a family

of probability measures @, g ¢ such that for any X

Lim  sup @, o, - P, (8 + 6,(0)0)] = o, (3.8)
nre el <k T

and in which (7,, 1,) is sufficient for ¢.
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Moreover,

LT, - 8)/6,(0), T3 @y, 0,3 > Fo, (T 1) (3.9)
where A and T are distributed as in (3.4) and

T = 1A (3.10)

In fact, for a given value of 6 it is possible to perturb T,
and 71, slightly, call the perturbed versions fn and T,, so that
(3.8) still holds and (3.9) can be replaced by convergence of proba-
bility measures in norm rather than in law. For further details
see Le Cam (1969, p. 86).

Now putting these results together: Suppose S, (X,) is the
sequence of random variables defined in Bl. For a given value of 8,
we can find a family of probability measures Qn,e,t that approximates
P,(8 + 6,(8), t) and with (T,, T,) sufficient for t. Thus under
@y, g, ¢+ We can replace S,(X,) by S,(T,, T,), where 5, can involve an
additional randomizing variable. Further, the distribution of
{(fn - 0)/68,(8), %n} tends, in norm, to that of (7, t) with T as in
(3.10) and A and T distributed as in (3.4); so the distribution of
gn(fn, T,) and hence that of S,(X,) tends to that of $,(6 + T6,(0), 1)

as n tends to infinity. That is,
pr{S,(X,) € A; Pn(6+ 8,(0)t)} - pr{S,(0+T6,(0), 1) € 4; t} - 0 (3.11)

uniformly in A4 and [t| < K, say.
To prove statement Bl we need to show that there exists S(T, 1)

and a subsequence n'’ of n such that
L(5,0 (8 + T6,(0), 1); t} + LIS, 1},

and this follows from the following lemma which is proved in the

appendix.

Lemma 3.7: Let Py: 6 €0 be a family of probability measures on A7,
Suppose for some particular member of ©, denoted by 0, and for each
0 €0, Py <<P, and also dPy/dF, is a continuous function on #. If
X € #7 is distributed according to Py, and S,(X) € A% is a sequence
of random variables, relatively compact under P,, then there is a

random variable S(X), a function of X and some randomizing variable,
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and a subsequence n' such that for each 9,

F{S, (X)s X; Py} » Z{S(X), X; Pyl.

-

Theorem 3.8: If AO0-A7 and (2.6) hold, then Bl and B2 follow with T,
and 1, defined by (3.7). If (7, - 0)/$,(0) and 71, are components
of S,, then these components can be identified with I and T in the

limit experiment.

4. EXPERIMENTS USING ONLY PART OF THE DATA

In the next two sections we consider problems that can (almost) be
considered as being an experiment that consists of making inferences
from a sequence of independent, identically distributed random vari-
ables, but in which only part of the data is used. The following
theorem enables one to deduce A2-A4 for an experiment, given only
part of the data, from the correspondihg results for the experiment

with the complete data.

Theorem 4.1: Suppose conditions AO-A4 are satisfied for a sequence
of experiments {(Z,, %, P,(0): 6 € 0)} with the A,(0) and T1,(0)
being denoted by A,(9), 1,(6), and suppose T,(8) - T7(8) is nonrandom
and does not depend on n (the usual i.i.d. situation). Suppose {%,}

is a sequence of sigma fields with 4, C %, and
E lexpliu'B,(8)}] - expliu’un(8) - u'Z,(8)u/2} » 0 4.1)

for all u in ﬁn(e) probability for some #-measurable vector u,(0)
and #,-measurable symmetric matrix L,(0). Then A2, A3, and A4 are
satisfied for the experiments {%Z,, #,, P,(0) : 6 € 0}, where P, (0)
is the measure induced on %, by P,(0) with

B, (8) = u,(0), T,(0) = T(B) - Z,(8)
Proof: A2 follows immediately. To show A3 and A4, it will be suffi-
cient to show for any bounded sequence of r-dimensional vectors t,

dP, (6 + §,(8)¢t,)/dP,(8) - exp{t'A,(0) - t't,(B)t} + O

in P, (6) probability, since, by contiguity, the likelihood ratio is



852 Robert B. Davies

bounded away from zero, in probability. Let ¢, be an %/,-measurable
function, 0 if P;(e + 6,(0)t,) is not absolutely continuous with
respect to ﬁn(e), otherwise a nonincreasing, nonnegative continuous
function ¢ of dP,(6 + §,(8)t,)/dP,(8), where ¢(x) = 1 if x < a, 0
if £ > a+ 1. Then by Lemma 1.1,

dP, (0 + 8,(0)t,) dP, (6 + §,(8)¢t,)

=BT - 9,05 B,(6 + 6,(0)t,)

g{ dP, (6 + 8,(0)t,) }
+ £%3¢, - s B (0)p.
dP,(6)

dp, (8) dp, (0)

The expectation of the first term on the right under P, (0) is
less than or equal to E{(l - ¢,); ﬁn(e + 8,(8)t,)}, which can be
made arbitrarily small by choosing a and n large enough. Hence the
first term itself can be made arbitrarily small (in probability) by
choosing g and n large enough.

Consider the second term: For. arbitrary u, letting Rn denote
the log-likelihood ratio, it follows from (4.1) and A3 and A4 for

the parent problem that
2, .
E "[exp{iuh, (6 + 6,(8)t,, 6)}]
- EX lexp{iu(t nn(8) + Z, - t'T(0)t/2}] + O, (4.2)

where Z, is normally distributed with zero mean and variance
t'L,(6)t. Take expectations. Since Kn(e + 6,(0)t,, 6) converges in
law along suitable subsequences, so do the expected values of the
terms in (4.2), and so t'y,(0) - 2, - t'7(8)t/2 is relatively com-
pact. Also, ¢(e*)e* can be arbitrarily accurately approximated

over an arbitrary range by a finite number of terms of the form ™.

Hence, from (4.2),

EX{¢ dB, (8 + 6,(0)t,)/dP, ()}

_ Eéﬂn{cb(et'un(e”z,.-t'?(e)t/z)et'u,,(ewz,,-t'%(e)tlz} > 0.

The second term approaches

et Mn(0) +£'L,(8)E/2 - £'T(0)t/2

as a > », and this is what we needed to prove.
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In effect (4.1) is requiring
L(B,(0) | By) ~ Mu,(8), ,(6)).

Theorem 4.1 can also be useful for showing that the standard Le Cam
conditions hold, that is, where I,(6) is nonrandom [see Davies
(1984)].

5. APPLICATION TO THE SUPERCRITICAL GALTON-WATSON PROCESS

We show that under suitable conditions a supercritical Galton-Watson
branching process satisfies A0-A7. Suppose the ntP experiment con-
sists of the observation of the first n generation sizes of the

process
X, ={x,» 2,5 «o0s 2,1}

Let the offspring distribution be given by
prix, = x; 6) = p(x; 6),

where § € 0 = (91, 92) is a single unknown real parameter. For
simplicity we suppose p(0; 6) = 0 so that extinction of the process
is impossible. Also, suppose that § denotes the expected offspring

number

Eg(x,) = Zxp(x; 6) = 6, (5.1)

and that the variance of the offspring number is finite and a con-

tinuous function of 0,
vary (x,) = 52(8) < =.

We require p(x; 6) to be sufficiently regular for the discrete
analogue of Hdjek's (1972, p. 189) L.A.N. conditions to be satisfied.
Then our conditions AQO-A6 are satisfied for the situation in which
the nth experiment consists of observing a random sample Yy Yy

. yn) from p(-; 6) with §,, A,, and 1, given by
2

n
-1z -2 5 4 : 4 .
o2 12 2; 76 log p(y;; 0), Ee{de log p(y;s 6)} (5.2)

respectively. Now define
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§,(8) = 97?2 (5.3a)
n-1
An(8) = 072 2 @y = 03 /0%(0) (5.3b)
=0
n-1
T,(8) = 67" Y x,/0%(6), (5.3c)
k=0

where x, = 1.

Theorem 5.1: Under the conditions and definitions given above, the
family of probability measures {P,(0)} describing the distributions
of the X, satisfies AO-A7. 1In addition, the special condition of
Corollary 3.3 is satisfied, as is condition (3.6).

Proof: A. R. Swensen (1980) proves this result directly. Our proof
is based on the results of Section 4. AOQ, Al, A6, and (3.6) follow
directly. Now

n-1
E, Zo:xk = (0" - 1)/(6 - 1);
so for a given value of @ and arbitrary n > 0, we can choose ¢ so

that
n-1
P\ T x, > 026") <n.
0

Let m = m(n) be the first integer above ¢?6". Then we could gen-
erate the branching process X, from a random sample Y, = {yl, cees Yyl
from p(+; 6) with a probability of less than n of "running out" of
Y- Since n is arbitrary, it is sufficient to prove A2-A4 for the
part of the sample space where we do not "run out" of y,- We

define our nth "parent" experiment to be the observation of ¥, and

let
- m(n) d
Ap(8) = {m(m)}2 == log ply;; ) /e, (5.4a)
0
() = Eb{é% log p(y,;; 6)}2/02. (5.4b)

Then A2-A4 are satisfied for this sequence of. parent experiments
with §,, A,, and 1 given by (5.3a), (5.4a), and (5.4b). We now need
to show that (4.1) holds. Let
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d
;5 = ds 18 Py, >

where Y;, j is the number of offspring in the jt® family of the £ th

generation, 7 =0, ..., n-1; 7 =1, ..., x;. Let

63 J=1, «e.,m=-Y x;

similarly be related to the "unused" Y,. Note that E(¢; ;) = 0,
var(¢i’j) = 7(8), and cov(yi'j, ¢i,j) = 1. We need to find the
limiting conditional distribution of A,(8) given X,. To do this,
we use a conditional central limit theorem which can be obtained as
a generalization of the local limit theorem of Gnedenko and
Kolmogorov (1954, pp. 233-235); see also Holst (1979). It follows
that

. -1/2 Tn-k
Edexp Tum Z:l ¢n-k. J
J=

Xn} - E{exp(iuZ, )} + 0

in P,(6) probability, where Z, , denotes a normal random variable

with expectation nfllz(xn_k+l‘— 0x, _3)/0%(0) and variance

m Yz, (T(8) - 1/6%(6)). Hence
n-1 %

E{QXP VY o s+ Loy
k

i=047=1

Xn} - E{exp(iuZ,)} » 0 (5.4)

in P,(6) probability, where Z, denotes a normal random variable with
expectation
n-1
m-llz % (xi+l - 911?,;)/02(9),
and variance

n-1
T(0) - m' Y x./02(8),
i=0

since the sum over % in (5.4) is dominated by a finite number of
terms. The conditions of Theorem 4.1 and hence A2-A4 follow. To

prove A5.2, note that
n-1
6'"EXR+W
k=0

in P,(6) probability for some random variable W. Hence
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n-1 n-1

07 T X, - 07" Xy
k=0 k=0

> e} =0

under P,(8) probability, and hence also under P, (6 + §,(8)¢t)
[]

m-> o n>ow

lim lim sup pr{

probability. Also by continuity, for fixed m,
m=1 m:l

PO Y K3 Py (0 + 8,(0)t)p + L0 3 X5 O
k=0 k=0

as n » », Combining these equations, we get
P{1,(0); P (8 + 8,(00t)} ~ LiW/c?(6)};

so A5.2 is satisfied, and also the situation described by Corollary
3.3 applies.
Candidates for 5n in A7 include

~

On

Xn/xn—l

and
n-1

Enf

6,

This completes the proof.

Note that if we want to estimate a second parameter, for
example, the variance of the family size, the rate of convergence
is O(n'lm); so one has either to treat its estimation as a separate
problem with another limit experiment or to follow Jeganathan (1980)

with matrix valued §,,.

6. SEQUENTIAL INFERENCE

This section shows that our results are also relevant to sequential
estimation and testing. But see also Le Cam (1979) for related
results obtained directly. Suppose our n'h experiment consists of

observing N, i.i.d. observations
X, = {xy, ooy a2y}

from some distribution with density p(x; 06), where N, is a stopping
rule. Let P,(0) denote the probability measure of X,. Suppose also
that the fixed sample size problem with n observations satisfies

conditions AO-A7 with
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8,(0) = n7M25 8,(8) = n7M2 T ¢.(0); T(6) = var{¢,(9)}.
1

See Le Cam (1966) and Hajek (1972) for appropriate conditions.
Now suppose that

Z{82(0),; P, (6 + §,(0)1)} ~ &, (N(B)),

say, where under 5%,0 the random variable N(0) is almost surely

positive. Then Theorem 6.1 follows.

Theorem 6.1: Under the conditions just stated, AO-A7 are satisfied

with
Ny
8,(8) = 6,(0) 3 ¢.(6),
1
1,.(0) = 6,(8)2N,T(6).

The proof is based on Theorem 4.1 and will be omitted.

In the sequential estimation situation, one would expect the
remarks following Corollary 3.3 to apply and hence the limit experi-
ment to be of a mixed normal form rather than of a sequential form.
On the other hand, when one is considering tests such as the sequen-
tial likelihood ratio test, the §,(0) are likely to vary rapidly
with 6 so that condition A2(ii) is not satisfied. Nevertheless,
this condition is not required for Theorem 3.4, and so this theorem,
applied to values of 0 under the hypothesis is useful for investi-
gating properties of a test under the hypothesis or contiguous

alternatives.

7. INFERENCE FROM THE LIMIT EXPERIMENT

In this section we look at the special case of the limit experiment

when r» = 1 and
LT ) = HME, 1T, ' (7.1)

with #(1) being independent of ¢, and we show how some of the
asymptotic results obtained by other authors can be derived as

analogues of optimality results on the limit experiment.
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Theorem 7.1: Suppose T and 1 are distributed as in (7.1), and S is

a function of T and T and a randomizing variable such that

Z4,(S - t, 1) does not depend on t. Then S =T + Z, where Z(2) does
not depend on t, and where Z and T are conditionally independent

given T.

Proof (essentially Bickel's see Roussas, 1972, p. 136): Since

ﬁﬁﬂS - t|T) is independent of %, the whole argument is conditional,
given 1, and for simplicity we omit the references to the condition-
ing variable T.

B (eiu(S- t)) - F (eiuS—iut—Tw+w2/2+Tt-t2/2)
t =0, .

This expression is invariant in ¢, and the right-hand side is

analytic in ¢. Substitute ¢ = w - Zu on the right-hand side to get
uS - fu(S- 1Ty, -u/2
E,e™ = E {e™ le

Thus i?t(S - T) is independent of ¢, and hence S - T is independent
of T; the result follows.

The following corollary gives the corresponding asymptotic
result. It is essentially a one-dimensional version of a theorem of
Jeganathan (1980). See also Basawa and Scott (1983, p. 46). 1In
effect, it shows that among estimators of 6 that satisfy (7.2), T,

has the most concentrated distribution.

Corollary 7.2: Suppose AO-A7 are satisfied, with limit experiment
as in (7.1), 1, is as in (3.7a), and S,(X,) is such that for each

t and some O € O,
Z{(5, = 0)/8,(8), Typ; Pu(8 + 8,(0)8)} +» L(S, + ¢, 1) (7.2)

for some S, and 1, whose joint distribution does not depend on ¢.
Then the conditional distribution of S, given 1, is equal to the
convolution of a centered normal random variable with variance 1/t
and some other distribution (which may depend on t1,). If 5, =1T,
defined in (3.7b), then (7.2) is satisfied, and the second distribu-

tion in the convolution is degenerate.
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Proof: It follows from Bl that we can find S, a function of T and T

such that
Z{(S, - 0)/8,, 1,5 P,(6 + 6,(0)8)} » % AsS(T, 1), 1}

along suitable subsequences with T and T distributed as in (7.1).
In view of (7.2) the conditions of Theorem 7.1 hold, and the con-

volution result follows. The result when S, = T, follows from B2.

We now look at problems of hypothesis testing. The topic is
extensively discussed (see Basawa and Scott, 1983), and our purpose
is to illustrate the use of the limit experiment for investigating
simple hypothesis tests. We want to test the hypothesis 0 = 0
against the alternative 6 > 0. Three possible tests for the limit
experiment have customarily been considered.

The locally optimal test maximizes the derivative of the power

function at ¢t = 0 and has critical region
{1 > et™t). ' (7.3)

The beta-optimal test (Davies, 1969) is the test whose power func-
tion reaches a preassigned level B as quickly as possible and for
the present problem is simplest when B = 1 - a, o being the signifi-

cance level. It has critical region
{T > c}. (7.4)

Since T is an ancillary statistic, we could condition on it and so

get critical region
{1 > et Y/2).

The powers of these tests, when T has an exponential distribution
have been graphed by Sweeting (1978, p. 126).

The tests have critical regions of the form {7 > et "} with
p=1, 0, 1/2, where ¢ is chosen to give the required significance
level. Transferring these back to the sequence of experiments, we
obtain critical regions of the form {T, > §,(0)et™®}. The actual
optimality properties are a little complicated because our theory
deals only with convergence of probabilities and not with conditional

probabilities or derivatives of probabilities.
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Consider first the locally optimal test; p = 1. Let B,(%)
denote the power of a proposed test when 6 = §,(0)t, and let Bz(t)
denote the corresponding power of the test based on T,. It follows
from Bl that we can find a test for the limit experiment with power
function B(t) so that B,(t) - B(¢) and BX(£) - B*(¢). It is neces-
sary to use a ''subsequence of subsequence" argument if there is not
a unique limit. Suppose B(0) = B*(0) = o. Then in view of the local
optimality of the test based on T,, for arbitrary € > 0, there exists
n > 0 such that if 0 < ¢ < n, then

{8*(2) - B*(0)}/¢t > {B(t) - B(O)}/¢t - €.

Hence

lim lim inf{B,(¢) - B,(0)}/¢t

t+ oo

is maximized by the test based on I, with p =1,

Similarly, where p = 0, the test based on T, minimizes

lim inf{¢: B,(¢) > 1 - o).
Nn+row

When p = 1/2, the test maximizes

lim lim inf pr{reject hypothesislx —e<t1,<x+ ¢ P,(5,(0)¢t)},

€+0 N1+ oo
for all ¢+ and x such that P(x-e<t<ax+¢)#0 for all ¢ > 0,

among tests that satisfy

lim lim sup pr{reject hypothesis|x - € < 1, < z + ¢; P,(0)} = a

€+0 n

for all x as above.
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APPENDIX

Proof of Theorem 3.4: Drop references to 6 and omit §,(8) so that
P, {6 + §,(6)t} is written B, ,; @,, 0, is written @, ,; and so on.

Let €,, b, be sequences of numbers,

Ay, ¢ = {|1og(dB,, /dB, ;) - t'A, + 5t'T,t] < e},

n

B

1]

{|o.] < bn and 1, positive definite},

n

and let @,, . be a measure defined by
dQn,t = exp(¢'A, - %t'Tnt)l(Bn)dP%.o

Then
dpn, 0

An, t = {exP("‘En) < ap

n, t

exp(t'A, - 3t't,t) < eXP(en)}-

Hence

9, .- dP, , = exp(t'A, - 3t'1,£)1(B,)dB, o - dB, .

n,

< exp(en) L (4,, ; N B,)dP

n, t

_dpn,t

+ exp(t'A, - 3t'1,)1(4,, , NBYdP, ,

< {exp(e,) - 1}dP, , + exp(|t|b,)1(4;, )dP, ,-
Also,
dQn, t~ dpn, ¢ 2 exp(-g,) 1 (4,, an)dPn, ¢ = dPy, 4
+ exp(t'A, - %t'Tnt)l(Az’t’W B,)dP,, o
2 {exp(-¢,) - 1}ap, . - exP('En){l(Az,t)
+ 1(B)}ap,, ..
Thus '

19,, + = Pu, ol < {exp(e,) - 1} + B, @45 ) +P, .(BD)

+ exp(||t]|b,) B, o475, D. (al)
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We now show that for a given value of X the sequences {b,}, {e.}

can be chosen so that

sup @y, ¢ - By, ]+ 0. (a2)
lel < &

In view of a4, a5.l1 we can extend a2, a3 to allow £ to be replaced

by a bounded sequence {¢,}. Then, for fixed €, > 0,

P,, t,,(ArcI, t,) * 0. (a3)

Hence

and so we can find €, > 0 such that (a3) still holds. Hence we can
find b, + © such that the last term in (al) tends to zero uniformly for

" tll <K. Then

sup P, t(BS) -+ 0.

Thus a2 holds. To show that (a2) holds for all X, we can think of
€, and b, as being functions of K and then use sequences €,(X,),
b,(K,) with K, tending to infinity sufficiently slowly so as not to
disturb the convergence to zero. Since Qn,t does not necessarily
have total mass equal to 1, it must be rescaled, and the term

¢,(0, t) must be included. This completes the proof.

Proof of Lemma 3.7: We can think of (S, (X), X) being a random
variable in R?*X, Let @, ¢ denote the joint probability measure
corresponding to Py. Then there is a subsequence n' on which

@, o > @, weakly, for some measure Qy- Now dQn'(,/dQn’0 = dp, /dp,
by Lemma 1.1, and so dQn',e > dP, /dP, - dQ, = dQO, say. Then
dQe/on = dPy/dP,. Let (S, X) be distributed according to @,. Then
X is sufficient for 6 (Halmos and Savage, 1949, p. 233), and so s
can be considered as a possibly randomized function of X. This

completes the proof.
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