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The effect of errors in the independent variables in
linear regression
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SUMMARY

Suppose that the independent variables in a linear regression are subject to error. This
paper is concerned with the bias introduced into the least squares estimators by these errors,
first when they are regarded as fixed and second when they are regarded as random. Simple
criteria are introduced for deciding whether the bias is likely to be serious. The paper also
considers the effect of the occasional large error in either the dependent or independent
variables.
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1. INTRODUCTION

The usual multiple linear regression model in Scheffé’s (1959, § 1-3) notation is
Y = X'B+e, (1-1)

where Y is a vector of n observations, X is a known m x n matrix, £ is a vector of m unknown
parameters and ¢ is a vector of independent random variables with zero mean and variance,
a2 In practice it may happen that X cannot be measured exactly, rather W = X + A is
known, where A is the measurement error. Then the usual least squares estimators for # and
o? with W in place of X, namely

b=(WW)1WY, (1.2)

62 = Y'{I—W(WW) W} Y/(n—m), (1-3)

will, in general, be subject to bias and one will want to know if this bias is likely to be serious.

This paper is particularly concerned with the criteria for deciding, when the general order
of magnitude of the components of A is known, whether significant bias is possible. One
might expect that, if the data matrix, X, is close to one of less than full rank, then measure-
ment errors would have a serious effect. Section 2 introduces a distance from singularity of
the matrix W and suggests that if this is small the estimates will be meaningless. In §3 a
simple bound for the maximum bias that can be introduced into the estimate b in relation
to its standard deviation is found. In §4 it is supposed that the columns of A are themselves
independent random vectors and the asymptotic distribution of the estimators found as the
number of observations, n, tends to infinity. Again a simple formula is found for deciding
whether the bias is significant when compared with the standard error. Some of the results
obtained in this section are similar to the small-sample approximations obtained by
Hodges & Moore (1972). In §5 these results are compared with a generalization of some
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results of Brownlee (1965, pp. 414-7), where the components of X are also random variables.
In this situation exact results similar to the asymptotic ones of §4 may be obtained.
Section 6 is concerned with the sensitivity of the estimates to an occasional large error in
X or 7, in particular with deciding whether such an error can have a serious effect on the
estimates and yet escape detection when the residuals are examined. Section 7 contains
a suggested practical procedure and an example.

Throughout this paper the symbol | .|| will denote the L, norm of a vector and the Hilbert
norm, sup || 4z| /||, of a matrix, 4. Also |z| will denote the sum of the absolute values of
the elements of a vector . A limit in probability will be denoted by plim.

2. DISTANCE FROM SINGULARITY

We assume here as elsewhere that n > m. If X has rank less than m then we will say that
X is singular. In this case there is insufficient information for estimating 4. One might ask
whether it is possible for X to be singular even though the observed matrix W is nonsingular.
In this instance the estimates would be meaningless. However even if the matrix X was
only nearly singular one would expect the estimates to be unreliable.

We suppose that in each element of the ith row of X a measurement error with an absolute
value of about r, might be expected. In this section we will not define 7, any more precisely.
Let R = diag (r,, ..., 7,,)- Then we will say that the distance of the matrix W from singularity
is given by

p(W) = inf[{tr (DD")}}: W + RD is singular], (2-1)
where D is an m x n matrix. If p(W) is large compared with (m,n)}, where m, is the number
of rows of X subject to error, then X cannot be singular. However if p( W) is small compared
with (m,7n)} one might expect the estimates to be very inaccurate

An alternative expression for p(W) is given by the following theorem.

TaEOREM 2-1. If p(W) is defined as in (2:1), WW' is nonsingular and R is diagonal, then
p(W) = | ROW W'y |+, 22)

Further if R is nonsingular, p(W) is equal to the square root of the minimum eigenvalue of
RWW'R-.

Proof. Suppose that R is nonsingular. Apply a singular value decomposition to E-1W,

namely
R1W = Q[diag(A,,...,A,,): O] P,

where @ and P are each orthogonal matrices and A, has minimum absolute value and is
supposed to be positive. Then B-1W + D is singular with {tr (DD')}} = A, if

Thus p(W) < A,, the square root of the minimum eigenvalue of R-1WW'R-1. If W+ RD
is singular (R-1W + D)’z = 0 for some z + O and so |D'z| = |(R-1W) 2| > A, |«|. Thus
{tr (DD")}t > | D|| > A, and the result follows.

If R is singular, the result may be obtained either by an argument involving the taking
of limits or by applying the theorem to Wi{I — W (W, W)~1 W,} and R, in place of W and R,
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where W, denotes the rows of W subject to error, W, the remaining rows, and R, the diagonal
~ matrix formed from the nonzero diagonal elements of R.
Since the variances of the b, are generally found in any analysis it is simpler to calculate

pu(W) = [tr (ROFW')2 BY|+ = 6{Sr2var b))+ (2:3)

in place of p(W), where var (b;) denotes an estimated variance; this should be sufficiently
accurate since p,(W) < p(W) < m} p,(W).
A generalization of Theorem 2-1 is that

k
inf{tr (DD'): W+ RD of rank m—Fk} = 3, 1/u,, (2-4)
i=1

where the u; are the eigenvalues in decreasing order of R(W W’)~1 R. This result is included
for completeness; however it does indicate that the situation in which p, = (Zg,)~1 is sub-
stantially smaller than p = ,uf‘} corresponds to one in which W may be ‘near’ to a matrix of
much less than full rank.

3. MAXIMUM BIAS

In §2 welet r;, (+ = 1,...,m) denote the order of magnitude of the measurement errors in
the elements of the data matrix. In this section we will make the more precise assumption
that r; is the square root of the average of the squares of the errors in the ¢th row of the data
matrix, that is the square root of the ith diagonal element of AA’[r, and as before we let
R = diag(r,, ..., 7). In practice, since the r; will not be known exactly, they will be replaced
by the experimenter’s estimate of likely error.

Regard a'b as an estimator of the linear combination a’#, with b as in (1-2) and a a vector;
then the bias of a’b might be considered important if it is not markedly less than the esti-
mated standard deviation of a'b, namely 6{a’(WW')~1a}t. Thus we may regard the bias
introduced by the measurement error in X as unimportant if

¢ = sup |a'{E@®) - B}|[(6{a’(WW')a}t] (31)
is somewhat less than one. Since
s1‘1lp {(a'x)%[a’'Qa} = «'Q 1z, (3-2)
when z is a vector and ¢ a positive-definite matrix, it may be shown that
¢, = {fAW(WW' L WA'B6
<|a’Blle (33)
< nt|Rp|/5, (3-4)

where R is as defined at the beginning of this section. Expression (3-3) has been given by
Swindel & Bower (1972), but since A is unknown cannot be applied directly. However (3-4)
can be calculated if R is based on an estimate of the likely error. It will also be necessary to
replace S by its estimate b. To guard against the random errors in b one might increase the
magnitudes of its elements by their standard deviations when carrying out this substitution.
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It is still possible that the measurement errors in X have rendered meaningless b and hence
the estimate of (3-4). However

| |RB| - |RE®)|| < m} | R{B—E®)}|

<
< m |ABl /(W)
< (myn) [RE|[p(W),

with p(W) as defined by (2-1). Thus the bias in b will not significantly change the estimated
value of (3-4) if p( W) is at least several times the value of (m, n)}. A further inequality leads to

&1 < (mynB WW B Gp(W)}. (3:5)

We note that if a constant term is being fitted in the regression then #'W W’g may be calcu-
lated after the row means have been subtracted from the rows of W and in this case this term
is equal to the treatment sum of squares. Formula (3-5) may be rewritten

[(W W {B®) - B < [(WW) B] (mym)ifo(W); (3:6)

that is the bias in the estimate of the ‘normalized’ form (W W')} 8 is less than the length
[(WW’)} 8| multiplied by (m,n)}/p(W). Both (3-5) and (3-6) indicate the desirability of
avoiding small values of p(W).

The covariance matrix of b is *( W W')~1and so bias in the estimation of this matrix enters
only via the estimate of o2. In fact

E3?) = o2+ BAL~ W/(WW) L W} A'B/(n—m), (3-7)

and thus 0 < E(32)—o? < |A’B||2/(n —m). Therefore, not unexpectedly, E(62) > o2 but the
difference will be very small compared with the standard deviation of 2 if (3-3) is small.

4. EFFECT OF RANDOM ERRORS IN THE DATA MATRIX

The condition considered in the last section may be unnecessarily stringent; it assumes that
errors have been arranged in the worst possible way. In this section it will be supposed that
the columns of A are independently and identically distributed with zero mean and covari-
ance matrix § and are independent of €. There is little point in allowing for a nonzero mean
in A since most linear regressions involve a constant term and a constant error in a row of X
will merely result in a different constant term. In the present context it is convenient to let
r;denote the standard deviation of the elements of the 1th row of A, that is the square root of
the ith diagonal element of S. If S is diagonal, that is the elements in each column of A are
uncorrelated, then R = 8. ‘

The results obtained in this section are very similar to those obtained by Hodges & Moore
(1972). However rather than letting S — 0 with fixed » we will consider the asymptotic
performance of b and & as the number of observations, n, tends to infinity. We will replace
the symbols Y, ¢, X, A, Wby Y,, €,, X,, A,, W, to denote the vectors and matrices with n
observations. Applying the law of large numbers to W, W, and W,Y,, we find the following
Theorem.

THEOREM 4-1. Suppose that X, X, [n — A as n - 00, where 4 is a nonsingular matrix with
finite elements. Let b, = (W, W, )W, Y,. Then b, - f— (A +8)~18p in probability as n — co.
Thus the estimate will tend to be (4 +8)-188 in error if » is large. Note, however, that if S
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is diagonal and the design balanced, thatis 4 diagonal, the major effect of the measurement
error will be multiplicative errorsin the estimates of the components of #; the contamination
of one component of £ by the other components will be of a lower order of magnitude.

If a norm, or pseudo-norm if S is singular, is defined by ||||s = |S%8| and S is diagonal,
then the asymptotic error, (4 +8)~1S8, may be related to the ‘distance from singularity’
defined in § 2 as follows:

sup| (4 +8)72 SB|s/|Blls = | SH(4 +8)2 84

= plimz/p?, (4-1)

N~

where p, = |[R(W, W,)*R|~}, R = St Thus substantial errors may be present in the
estimates if (4-1) is not small compared with one.

A more precise statement of the asymptotic distribution of b is given by the following
theorem.

THEOREM 4-2. Suppose that the fourth moments of the elements of A are finite. Then under
the conditions of Theorem 4-1, with & denoting probability distribution,
ZLntb, ~ (X;,X,’, +28)1 X, X, 1] > N{0,0%(A +8) 1+ (4 +8)1T(4 +8)"1},
where T is the limit as n — oo of the covariance matriz of
n ¥ X, AL +A, A, —nS—A, X, A-18) (A +8)1Ap.
If the elements of A, are jointly normally distributed then
T=A4A+8)pA4(A4+8)"18A4+8)4p
+8p'A(A+8)1SA18(A+8) 148
—S(A+8)1ABR'A(A +8)18.
Proof. We have, after some manipulation, that
b,— (X, X, +n8)1 X, X, 8=(A+8)1(X,+4,)€,/n
—(A+8) (X, A+ AN, —nS—A, X, A718) (4 +8)
x Af[n+o(n-1),
where the final term indicates small order in probability. The first two terms have null
correlation matrix and null mean vectors. The first term has covariance matrix 6%(4 + S)~1/n
and normality results from the Central Limit Theorem. The covariance matrix of the second

term, under the hypothesis of normality of A, may be obtained by the application of the
following expressions:

E(Zeg'z) = €)1,
E(ZEy'Z) = 4,
E{(Z'Z—nD)EE(Z'Z—nl)} = n(|&]|* I +£2)),
where Z denotes an n x m matrix of independent standard normal variables, £ an m dimen-
sional vector and 7 an » dimensional vector. This completes the proof.

We note that for S close to the null matrix the expression for the asymptotic covariance
matrix of b, can be written

{(4+8)1(c2+p'SP)+ O(S?)}/n. (4-2)
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The estimate (1-3) of o® is examined by the following theorem which may be proved using
the law of large numbers.

THEOREM 4-3. As n — 00, we have thal
plim 6% = o? +p'Sp—p'S(4 +8)" 185.

Note that for S close to the null matrix the O(S) term is the same as that in the coefficient
of (4 +8)~/n in (4-2) and so (Hodges & Moore, 1972) the estimate of the covariance matrix
of b, will tend not to be unduly unbiased.

For large n the bias of (1-2) will be close to (4 +8)-1 8. However the standard deviations
of its components will be of order n~-% and so for large n the bias overwhelms the random
error. Hence when considering the bias of the components of b, in relation to their standard
deviations it is appropriate to let § tend to zero asn tends to infinity, in particular to suppose
that the covariance matrix of the columns of A,, is S, = n-18,.

COROLLARY 4-4. If 8, = n~18,, then
L{nk(b, - p)} > N(A715, 8, a247). (4+3)

Following the approach of § 3 we consider the bias of b,, as important if the ratio of the
asymptotic expectation of na’ (b, — B) to the asymptotic standard deviation of na'b,, isnot
markedly less than one for every nonnull m dimensional vector a. The maximum value of

this ratio is
Cy = (ﬂ'slA—l‘S&ﬂ)*/o'- (4-4)

If 8, is diagonal and R, = St and p, = | R.(W, W,)"1R,||~% then
2 < limn | RuBl (00 0). (&5)

On the other hand, if S, is not diagonal and R,, is the diagonal matrix composed of the square
roots of the diagonal elements of S, we find

¢, < lim m}n|R, B|/(p, 0)-

Thus, on dropping the subscript n, if n is large and the errors in the data matrix can be
considered to be independent random variables, then the bias in b is negligible if

n|| BB {p(W) o} (4:6)

is small compared with one.If only the columns of A are considered to be independent, (4:6)

should be replaced with
min|RB|/{p(W) 0o} (47)

Asin §3, it will be necessary to replace # by b when calculating (4-6) or (4:7). If R, = St it
follows from (4-1) that as n — o0

plim | Bo(8—b,)| 1R8] < plim (nfp2),

and so the substitution of 8 by b in (4-6) will be acceptable if p(W) is large compared with nt.
In the general case one can show that

plim |Rn(ﬂ— bn)l/anﬁ| < Plim (mln/pi)’
and so the substitution in (4-7) will be acceptable if p(W) is large compared with (m,n)3.
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We note that if S = O(rn—) then 6% will be subject to little relative error for large n.
However smallness of ¢, in (4-4) does not guarantee that the bias of 82 will be small compared
with its standard deviation.

An alternative asymptotic approach which supposes that #is of order n—? with S remaining
fixed leads to essentially the same results as far as checking for significant bias in b is con-
cerned. However with this approach to the limit bias will be present in the estimate of 2.

5. Ranpom X MATRIX

In this section we consider the model (1-1) but where the columns of X are supposed to be
independent N (0, £) random variables. The results found here represent a generalization of
those given by Brownlee (1965, § 12-8) and are included here because exact results similar
to the asymptotic ones of the last section can be found. For simplicity we have deleted the
constant term from Brownlee’s formulation.

We suppose that the € and A are as in the last section, but in addition we suppose that they
are normally distributed independently of the X matrix. Then the vector (w',y)’, where w
denotes a column of W and y the corresponding element of Y, has a multivariate normal
distribution with zero mean and covariance matrix

[E+S B8 ]
L o*+pEpY
8o that

Ey|W) = w'f—-w'(Z+8)"188,

var (y| W) = o2+ £'Sp— B'S(Z +8)-1 8.

It follows that the problem is equivalent to the one without error in the measurement of the
independent variables with £, % and o2 replaced by

Bs=B—-(Z+8)188, Zg=Z+8,
0% = o2+ B'Sp—~B'S(Z+8)18p.

Hence the estimate (1-2) of £ will have bias, conditional on W, of —(Z+8)-188, and
variance, conditional on W, of (WW’')~1{o?+8'Sg— 'S(Z +8)~18p}. The estimate of the
residual sum of squares will have expectation o2+ £'Sf8 —8'S(Z + 8)-1.88. These results are
to be compared with the corresponding results of § 4.

6. SENSITIVITY TO OCCASIONAL LARGE ERRORS

So far we have been looking at the type of errors arising from measurement; that is, in
each element in a row of the W matrix one might expect the same order of magnitude of
error. Unfortunately one might also expect occasional large errors and it seems important
that the results of an analysis do not depend too much on any one of the observations. Let
W, denote the sth column of W, the observed data matrix, and s; = Wi(WW’)-1W,, that is the
ith diagonal element of W/(WW')-1 W. '

Suppose either that W = X and an error £ is introduced into just one, say the ith, element
of Y or that an error — £/g; is introduced into the (j,7)th element of X, with all the other
elements of W being equal to the corresponding elements of X. In either case an error £ is
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introduced into the ith regression equation and this, in turn, introduces an error (W W)W,
into the estimate b. Following the approach of §§ 3 and 4 this may be considered important if
¢g = s} |£]/o is not small compared with one.

Of course, if £ is large enough the error will be detected when the residuals,

(I-WWW) W} Y

are examined. We ask if it is possible for the error £ to have a significant effect on the
estimates and yet escape detection when the residuals are checked. We suppose that there
are a moderate number of observations, so that o can be estimated fairly accurately in spite
of the occasional large error. The ith residual will be contaminated by an amount (1 -s,)E.
Also this residual has variance (1—s;) o2 (Behnken & Draper, 1972). Thus we may regard
£ as detectable if, say, (1—s;)§ > 4(1 —s;)to. If a bound, ¢; < 1, is acceptable, that is an
error of one standard deviation permissible in some linear combination of the estimates,
we find 8; must be less than 0-06 for the error, £, to be either detectable, /o > 4(1— ;)% or
negligible, /o < s;7¥. This is a rather stringent condition since the diagonal elements {s;}
sum to m, the number of unknown parameters, and hence have average value m[n which
itself may be well over 0-06. If a more generous bound, ¢; < 2, is acceptable the bound on s;
rises to a more reasonable value of 0-2.

The work involved in finding the values of the s; is comparable with that required for the
estimates. However, it does seem worthwhile including the computation of the s; as an
option in a regression or analysis of variance program, so that the user can be warned if any
of his observations have an excessive influence on the results.

7. PRACTICAL PROCEDURE AND EXAMPLE

We have supposed that the coefficients 2;; in the linear regression model
m .
Ifj=izlﬂixij+ej (.7= 1""’”‘)

are subject to measurement error; an error with a magnitude of about r; being expected in
the measurement of z;; with m, of the r; being nonzero. We suggested that the quantity
introduced in § 2, p, = 8(Sr2varb,)~# be calculated. If p; is not somewhat larger (myn)}, or
possibly nt if n is large, then at least some of the estimates b, are likely to have little meaning.
If this test is passed thep nZr, |b;| /6 introduced in § 3 should be evaluated. If this quantity is

markedly less than one then the errors in the data matrix can be ignored. If this test is failed
and the measurement errors can be regarded as random and independent then one should
calculate n(Zr2b2)}/(p, &) from §4. If this is markedly less than one, then the effects of the
errors are probably negligible, particularly if » is large. On the other hand if this term is
larger than one the bias is likely to constitute a major part in the error in at least some of
the estimates. One might estimate it from Theorem 4-1 in order to see which estimates are
affected and how serious the bias is.

We also suggested in § 6 that the diagonal elements of X'(X.X")* X should be calculated
in order to check whether any single observation has an undue effect on the estimates. In
particular if any diagonal element is greater than 0-2 it is possible for a moderate error in the
corresponding observation to affect the estimates significantly and yet go undetected when
the residuals are checked.



Errors in the independent variables in linear regression 391

Asan example we apply formulae (2:3), (3-4), (3-5) and (4-6) to the regression problem of

+ Hodges & Moore (1972). In that example n = 30, m = 3, m; = 2 and & = 37, the treatment

sum of squares = 390 000, and the values of the estimates, their standard deviations and the
magnitude of the errors in the coefficients are

b, —45 0-98 286
s.d. (b;) 109 0-11 72 .
r, 0 7-0 0-16

K

Thus, from (2:3), p; = 27, which is somewhat larger than (nm,)} = 7-7. From (3-4) we find
¢; < 1-7 which suggests that with the worst arrangement of errors significant bias may be
present. With p replaced by p,, (3-5) gives the less sharp bound ¢, < 4:9. From (4-6), again
with p replaced by p,, we find ¢, < 0-25 indicating a nearly negligible bias.

The authors wish to thank J.H.Maindonald of Victoria University of Wellington for
suggesting this project.
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