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TESTING THE HYPOTHESIS THAT
A POINT PROCESS 1S POISSON

ROBERT B. DAVIES. D.S.LR.. Wellington, New Zealand

Abstract

The testing of the hypothesis that a point process is Poisson against a
one-dimensional alternative is considered. The locally optimal test statistic is
expressed as an infinite series of uncorrelated terms. These terms are shown to
be asymptotically equivalent to terms based on the various orders of cumulant
spectra. The efficiency of tests based on partial sums of these terms is found.

ASYMPTOTIC EFFICIENCY. CUMULANT: CUMULANT SPECTRA. LOCAL EFFICIENCY.
LOCAL OPTIMALITY; PERIODOGRAM: POINT PROCESS: POISSON PROCESS

’ 1. Introduction

Numerous tests have been proposed for testing the hypothesis that a point
process is Poisson against general not precisely specified alternatives; see. for
example, Cox and Lewis (1966), §6.3. In contrast, in this paper we investigate
tests designed for specific alternatives. We suppose that we have a probability
model for the process depending on just two parameters, £ =0 and p >0, such
that if £ =0 the process is Poisson with rate u. The test that the process is
Poisson then becomes a test of the hypothesis £ = () against the alternative £ > 0.

Our starting point is the locally optimal test obtained by differentiating the
log-likelihood. However. for many point process models the likelihood function
is too complex to be evaluated and it would be preferable to base the test on the
cumulants of the process. In Section 2 we differentiate Kuznetsov and
Stratonovich's (1956) formuia for the likelihood and obtain the locally optimal
test statistic as the sum of an infinite series of terms, each term being based on a
different order of cumulant and, in effect. providing a different piece of
information. Of particular interest is the efficiency of tests based on only a few of
these terms. R

In Section 3 we show that each term is asymptotically equivalent to a term
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based on the corresponding order of periodogram and cumulant spectrum. The
results of this section, besides being of practical importance, are of interest in
indicating how much of the information about £ is contained in the second-order
periodogram. In Section 4 we give several examples, and an appendix contains
proofs of the main theorems.

The efficiencies of the tests are expressed as local efficiencies and asymptotic
local efficiencies. These concepts, together with some theory on locally optimal
tests, are discussed in the remainder of this section. Quite complicated expres-
sions are involved in obtaining the results and it seems advisable to carry out the
analysis with some rigour. By requiring the differentiations to exist in L1 or, in
some cases, L2, the technical problems of interchanging orders of differentiation
and integration have been avoided at the expense of slightly more complicated -
statements to the theorems. The reader who is not interested in these finer points
should regard differentiable in L1 or L2 simply as differentiable.

Suppose that we observe a random variable X which is drawn from a
population with density p(X; £) with respect to some measure A. We wish to test
the hypothesis £ =0 against the alternative £ >0. A locally optimal test with
significance level « is a test which maximizes the derivative of the power
function at £ = 0 amongst all level a tests. The following theorem follows from
the Neyman-Pearson lemma.

Theorem 1.1. Suppose p(X; &) is L1 differentiable at £ = 0 in the sense that
there exists p’(X) such that

(1.1) tim [ 11p0X; €)= p(X: O ~p'COA () =0.
Then the test with critical region

(1.2) {p'(X)ip(X;0)>c}

where ¢ has been adjusted to give a significance level a (with randomisation on
the boundary if necessary) is locally optimal.

We are concerned with the efficiency of various other tests. Efficiencies in
terms of derivatives of the power function would be very difficult to handle.
However in the present paper the test statistics are approximately normally
distributed and thus a useful measure of efficiency of a test can be made in terms
of the derivative of the expectation of the test statistic.

Definition. Suppose
(1.3) | Z=p'(X)Ip(X; 0)

where p’(X) is as in (1.1). Then the local efficiency of a test statistic T is
defined as
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im { ZEC(D)] Varo(T)

(1.4) p(T)=

£€=0

lim { %EecA(Z)}z/Varo 2)
where E; denotes expectation under p(X; €), Var, denotes variance under
p(X; 0) and
Ci(t)=1t if Jt|<A

0 if [t|]z=A.

The truncating at * A is to avoid some irrelevant regularity conditions. For the
definition to be meaningful it is necessary that Var, (Z) < «. One can now prove
the following theorem.

Theorem 1.2. Suppose Condition (1.1) holds and Var, (Z) <. Then the
local efficiency of a test statistic T with Var, (T) < is given by
(1.5) p(T) = [Corro(Z, T))

where Corr, denotes correlation under p(X; 0).
A corollary of this theorem shows that if S and T are two test statistics which
are close together under the hypothesis then they have similar local efficiencies.

Corollary 1.3. Suppose S and T are test statistics with Var, (S), Var, (T) <
®, (1.1) is satisfied and Var,(Z) <. Then

o)~ [o(T)FI = 2[Vare (S - T)/Vary(T)].
A further corollary provides the main result required by the next section.

Corollary 1.4. Suppose (1.1) is satisfied. Suppose further that Z as defined in
(1.3), satisfies Varo(Z) < and can be expressed

(1.6) zZ-= )3 z,

where the terms Z, are mutually uncorrelated under p(X ;0), Z, having
variance 7;. Suppose further that the statistic T with Var,(T) < can be
expressed

T=>T,

q=1

where the T, are again uncorrelated and also T, and Z, are uncorrelated if q#r.
Suppose Corr, (T,, Z,) = p, = 0 and Var, (T,) = piri Then T has local efficiency

(17) (=201 /31
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In particular
18) o(32)=3 /3
q9€EQ qE€EQ 1

Thus each term Z,, in effect, carries a separate piece of information, the
‘amount of information’ being proportional to 73 Similarly each T, carries an
amount of information proportional to p}r;. Note that the variance assigned to
T, in Corollary 1.4 ensures that the T, are scaled in the optimum way.

We also consider the properties of our tests as the interval of observation, ¢,
tends to infinity. It would be possible to define the asymptotic local efficiency of a
test statistic as the limit, as ¢ tends to infinity, of the local efficiency. However, it
would be preferable to base it on expectations and variances of the limiting
distributions rather than the limits of expectations and variances. In this paper
no problem arises with the statistic Z, but for the other test statistics considered
it is appropriate to allow for the possibility that the limit of the variance is not
equal to the variance of the limiting distribution. Thus our definition is based on
local efficiency of truncated versions of the test statistic.

Definition. Suppose T, a test statistic based on an interval of observation of
length t, has been normalised so that as ¢ tends to infinity, it has a proper
non-degenerate limiting distribution under £ = 0. Suppose that, with p and C, as
previously defined,

lim lim inf p[ Ca(T})] = lim limsup p[ Ca(T0)).
—o e Ao t—r®

Then the asymptotic local efficiency will be defined as the common value of these
expressions.

If T, has the variance of its limiting distribution equal to the limit of its
variance, then the asymptotic local efficiency is the limit of the local efficiency.
However, unlike the limit of local efficiency, asymptotic local efficiency has the
important property which follows from Corollary 1.3: if two test statistics have
proper non-degenerate limiting distributions and are asymptotically equal when
£ =0, then they have the same asymptotic local efficiency.

It is also necessary to consider tests in the presence of a nuisance parameter.
Several approaches are possible; the simplest follows along the lines of Neyman
(1959). Suppose that the density of the random variable is now denoted by
p(X; & pn) where u is the nuisance parameter. Further suppose that there is a
statistic U such that for each value of u

a .
(1.9) Em logp(X;0,u)
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is a linear function of U. We want the distribution of a test statistic T to be
independent of 1 and so we might require

(1.10) 5%E0,M(T) =0

where E., denotes expectation under p(X; & p ). It follows from Theorem 1.2
that if a differentiability condition similar to (1.1) holds then (1.10) will imply that
- T and U are uncorrelated. Thus to maximise the local efﬁciency of a test
statistic, Z,, subject to (1.10) we should choose.

(1.11) Z,=Z - UCov,, (U, Z)/Var,, (U).

Unfortunately Z, may still depend on u. However we will see that in the present
context, asymptotically, 4 may be replaced by an estimate.

Analogues of Theorem 1.2 and Corollaries 1.3 and 1.4 will still hold when
attention is restricted to random variables that satisfy (1.10) and local efficiency
is with respect to Z, as defined in (1.11).

The asymptotic local efficiencies defined in this section are closely related to
Pitman efficiencies, defined in terms of the observation time, t, and it is expected
that they will be the same for the tests considered in this paper. See, for example,
Kendall and Stuart (1961), §25.6.

2. Main results

We suppose that a point process is observed over the interval (0, t) and that
points occur at times T,,---, T, in this interval (n is a random variable). The
outcome may also be expressed as an integer-valued measure, N, which assigns a
measure 1 to each point at which a point occurs. Thus N(a, b) equals the number
of points occurring in the interval (a, b). Throughout this paper we suppose that
the point process is orderly (only one point at a time) and finite (only a finite
number of points in any finite interval of time).

Suppose that the moment density of the process can be defined:

@.1) m(t, 1) = imr Pr{N(t,t + 1) = L;i =1, q}

for each ¢q distinct points t,,---,t,. Since m(t,, -+, ¢) is invariant under
permutations of the arguments and we are not concerned with its value when any
of the arguments coincide it is convenient to regard m as a set function defined
for finite sets and in particular we do not note any special dependence of m on
the number of arguments q. The cumulant density may be defined k(¢,,-- -, #,) =
coefficient of I1{u; in

2.2) log [1 +> m(t,, t,,)llll u.,‘]
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where the sum is over all non-empty subsets {¥,-- -, i} of {1, -, q}. In practice
k is usually calculated from the probability generating functional or from
the formula

d P’) kil
- = fim 12 ... L Nty +7)
2.3) k(ti, -+, t) !1_13 T . o, log E[Ill u; ]

=1

The value of k when two of its arguments coincide is immaterial and it may be
defined arbitrarily, say by continuity.

Now suppose the model for the process depends on the two parameters ¢ and
p such that when £ = 0 the process is Poisson with rate . The dependence of m
and k on these parameters will be indicated by including them in the argument
lists, for example k(t;, -, 4; & p). Thus

k(ti, ,t;0,p)=0 if g>1
24
p if g=1
For the small saniple results we will require that k is differentiable at £ = 0 in
the sense that there exists k'(f,, - -, f,; #) such that

x

[k(th" Sl g’“)—k(tlr"',tq; 0:/“)]/&

lim >, —
(2.5) M;q! (0.117
—k'(h,' SN A f")\ dt - dt,, =0

and further that

(2.6) 2 [P <e
q=1
where
; 1 )
(2'7) [T‘(’ )]2 N W {0,1]° [k (tl s las l")]zdtl e dtq

and where we are denoting the multiple integral

[
=0 1g=0 {0, )9

For the asymptotic results we require the process to be stationary: for each
w=>0,620,q,0, 1,7

(28) k(t1+1',‘ : 'vtq +T; 6”")= k(tl’. Y tq; g,ﬂ)

We further require that there exists k'(ti, ", f5 1) satisfying the following
conditions:

(2.9) k'(h+7, o +myp)=k'(t, ot 1)
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for each #,,-- -, 1, 1;

. 1
(2.10) g'_‘f(‘)g,q!uqu_, {[k(O,tz,-.-,tq;g,”,) _k(O,tz,"',tq;O,y,)]/g
_kl(o’tz","ftq;l‘)}zdtz"‘dtq=0;

(2.11) > ri<w;
q=1
where
(2.12) | To= -#q_faq—l k0,1, -, L ,u,)]zdtz e dl,

and for each ¢
(2.13) lim (k'O 12,0, 15 ) = k'O, 12,0+ -, £y w)Pdty -+ - dr, = 0.
pri—p JRIT!
Conditions (2.10), (2.11) imply Conditions (2.5), (2.6).
We need the notation

Xx(t:, -+, 4)=1 if no arguments coincide,
(2.14) oo g
0 otherwise.

For the moment we suppose that u is known. The first theorem expresses the
locally optimal test as an infinite series and forms the basi$ of this paper.

Theorem 2.1. Suppose the moment density function defined in (2.1) exists,
k(t:, -+, t;; & p)is as defined in (2.2), (2.4) is satisfied and k is differentiable at
¢ =0 in the sense that (2.5), (2.6), (2.7) are satisfied. ,

Then the locally optimal test statistic defined in (1.2), 1.3) is

(2.15) z0=73Z¥
1

where

(.16) z9=

q

i o X0 R 15 ) TN Gl - )
URY R () i=1

The proofs of this and the following theorems are given in the appendix.

In order to apply Corollary 1.4 we require the terms Z, to be uncorrelated and
further for the concept of local efficiency to be reasonable we require these terms
to be approximately normally distributed. These results follow as corollaries to
the following theorem. Because we may be interested in the performance of
terms of the form (2.16) but with functions other than k'(t, + -, 155 ) we first
state a general result.
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Theorem 2.2. Suppose that the point process is Poisson with rate p. Suppose
further that f(t;,---,1,) is 'a sequence of functions (¢ =1,2,---) such that
f(ti, -, &) is invariant under permutations of its arguments and

(2.17) f f(e, - )Pde - -, dty < oo,
(Y
Let
. 1 q
2.18) = | K i ) TTING) - )
q:K" Joep 1
Then

(i) EXP)=0;
(2.19) (i) E(X"’X"’)—O if g#r;

(i) EQXYP) = VICRENS Lo

‘Il‘-

Suppose in addition that ft+r, -ty +1)=f(tr, -, t.,). for each ¢, t,, ", 8, 7
and

(2.20) L ©, 62, 1,)fdty - dt, <.
Then
@21) Gv) limj Leqxop = lﬂ f [0, t2,- - -, £, )[dts - - - dit,
(v) The random variables t*X%; q —!1 2,--- are asymptotically in-

dependently normally distributed with zero means, and variances given by
(2.21).

Corollary 2.3., Suppose that (2.9), (2.11) and (2.12) are satisfied and Z is as
defined in (2.16). Then, when ¢ = 0, the random variables t3Z®; g =1,2 - -
are asymptotically independently normally distributed with zero means and
variances given by 7 defined by (2.12).

Corollary 2.4. Suppose that the hypotheses of Theorem 2.1 are satisfied and
that the sequence of functions f(t,,---,1,): ¢ = 1,2, - - is defined as in Theorem
2.2, satisfies (2.17) and is normalized so that for each q

. 1
([o9F = s

o f(t, -, ) de, - - - dt,

(2.22)

= q!p’q 0.1 f(t] R tq)k’(tl R tq; I-‘f)dtl R dtq.
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Then the test statistic, with X" as in (2.18),

(2.23) > X

q=1
has local efficiency Z[a{’/Z[7{) where [o{"] is given by (2.22) and [7{"]) by
(2.7). In particular

(224) S@=2 ZY

qEQ
has local efficiency Z.co[7¢’)/E7[7°F. Further, if Q is given then (2.24)
maximises the local efficiency amongst statistics of the form (2.23) when the sum
is limited to terms with q € Q.

In practice it will be feasible to calculate (2.24) only if it consists of a few terms.
Thus it is essential for the success of the tests proposed in this paper that the sum
S[7¥F be dominated by a small number of terms.

A similar result holds for asymptotic local efficiency: we state the result only
for statistics of the form (2.24).

Corollary 2.5. Suppose (2.9), (2.10), (2.11), (2.12) are satisfied. Then the test
statistic ¢ 3S¥ where S is as in (2.24) and 7, is given by (2.12) has asymptotic
local efficiency

(2.25) > Tf,/z T2

q€Q 1
Further, under the hypothesis that the process is Poisson with rate u it is
asymptotically normally distributed with zero mean and variance Z,co 72

We now consider the more usual situation where g is unknown. We follow the
approach outlined in the introduction. Condition (1.9) is satisfied with U = n, the
number of points observed in time ¢. Under the assumption of stationarity (2.9)
the first term in the series (2.15) can be expressed k’(0)(n — ut)/u. The other
terms are uncorrelated with n. So the random variable which maximises the local
efficiency subject to (1.10) is

(2.26) >z

q=2

where Z{ is given by (2.16). Similarly the local efficiencies of random variables
of the form (2.23) or (2.24) with respect to (2.26) are given by

St/ 3 er
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PR FON

with corresponding formulae for asymptotic local efficiencies. However even
with the ¢ =1 term deleted variables (2.23) and (2.24) still depend on u. The
next theorem shows that these expressions are asymptotically equivalent to
those obtained when u is replaced by ji = n/t provided (2.23) and (2.24) consist
only of a finite number of terms and do not include a g =1 term.

Theorem 2.6. Suppose f(ti, -+, 1,; p) is invariant under permutation of its
first ¢ arguments and

f(tl+'7',"',tq+T;l")=f(tl""’tq;l"')

for each t,, -, #, 7 and u >0. Suppose

(227) lim f . [f(O,tg,"',tq;y.)—f(O,tz,"',tq;y,o)]zdtz"'dtq =0
s poJRI!
and

[f, 82, -, 1o Mvo)]zd'z ceedt, <o

RI!

for some po>0. Let 4 = n/t. Then, provided 4 >1, under the hypothesis that
the process is Poisson with rate wo,

t_i J’[o_,]" f(t] RN A ﬁ)l:[[N(dt,)— ﬁdtj]

(2.28)

—,[[0,,,« flt, o tas l‘o)n[N(dt;)—;lodt,]

— 0 in probability as t = .
Following the discussion in the introduction we have the following result.

Corollary 2.7. Suppose that the hypotheses of Corollary 2.5 and also (2.13)
are satisfied for each u > 0. Then the statistic

- 1 , T .
@29) 1ty —.—f Xt )k (-, 103 8) [T IN(dt) = fds]
€0 q K" Jp.f 1

where Q is a finite subset of {2,3,-- -} has asymptotic local efficiency
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(2.30) > 5t i T2

q€Q q=2

when compared with random variables (depending on u ) which are uncorrelated
with n.

Further, under the Poisson hypothesis (2. 29) is asymptotlcally normally
distributed with zero mean and variance Z,cq72.

3. Inference via the spectrum

We now relate terms of the form (2.16) or (2.18) with terms related to the
cumulant spectra and periodograms of various orders. Cumulant spectra and
periodograms can be defined for continuous and discrete processes (see, for
example, Brillinger (1975)) and these terms may be extended naturally to point
processes (see Brillinger (1972)). It is convenient, however, to adopt slightly
different definitions. We consider an analogue of the qth-order spectrum

3.1) x(/\,,---,)\.,)=f k(t,,tz,---,tq)exp<21riz Ajt,)dtz---dt,,
®Ra! j=1

when A;+---+ A, =0 and an analogue of the gth-order periodogram

6D L= xtt e wexp(2mi 3 Ag) TN~ s ]

Under the stationarity assumption (3.1) does not depend on t, when ZA;, =0.
Note that I,(A,,- -, A,) does not depend on u if none of the A, are zero and is
equal to zero if w is replaced by 4 and any of the A, are zero.

The relation we require is given by the following theorem, which is proved in
the appendix.

Theorem 3.1. Suppose f(t:, - -, ) is invariant under permutation and trans-
lation of its arguments and

(3-3) . J;r, jf(O’ b2, -, tq),'dtz o dtq <o

for r =1,2. Let

(3.4) ¢(A.,---,Aq)%faq_l f(t,,---,z.,)exp(zmi )dtz

when A, +:--+ A, =0, and suppose

(3.5) sup TIA+ DG A <0,

LYCIRRED W

Then, if N'is generated by a Poisson process with rate pu,
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LE|[ xthe ) ) [TING) — i)
fo.¢] 1

’ _ 2
(3.6) =179 e b/t L OL s L 1)
Ihi+--+1,=0 .

-0 as t—ooo,

Anélogues of Corollaries 2.5 and 2.7 can now be given—we state only the
analogue of 2.7. :

Corollary 3.2. Suppose (2.9), (2.10), (2.11), (2.12), (2.13) are satisfied, Q is a
finite subset of {2,3,---} and

3.7 sup k'O, t2, -, tg; )| dtz- - - dt, <oo

pi<p<pz Ja!

for each ¢ € Q and u>>p,>0. Let

(3-8) k'(Ar, A p)= f k'(t, -, 155 p)exp (27‘12 A].t,-)dtz e dt
R =1
and suppose for each ¢ € Q, u2>u, >0 that

(39) sup sup H(1+M DI’y A5 u)| < oo,
IN=0m<p<pr

Then the statistic

t(q 1)

QUi ;

2 Skt b Tt @R L ),
+ +I—0|

(3.10) ¢ 2

where I(,/t,-- -, I, /t; (i) is given by (3.2) with u replaced by i, has asymptotic
‘local efficiency :

@10 Sn/3n
q9€Q q=2
when compared with random variables (dépending on u ) which are uncorrelated
with n. 77 is given by (2.12) and is equal to
(.12) e f
: S

qlp® ( iA”)‘z’ N “)2

Further, under the Poisson hypothesis (3.10) is asymptotically normally distr-
ibuted with zero mean and variance Z,c0 75

dX,- - dA,.

The uniform bounds (3.7) and (3.9) are to ensure that p. can be replaced by 4.
The efficiencies of tests of the form (3.3) but with ' replaced by some other
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function ¢ can be found with the aid of Corollary 1.4. Details are left to the
reader.

The statistic (3.10) is not suitable for calculation unless k’(Ay,- - -, A,) decays to
zero very quickly. However an approximation may be found which may be
evaluated using the fast Fourier transform computer program (see Brigham
(1974)). We illustrate with the q =2 term.

Suppose that the interval (0,¢) is divided into r intervals of length A (¢t = rA).
To enable efficient use of the fast Fourier transform r will normally be a power
of 2. Let N; = N[jA,(j + 1)A), the number of points falling into the interval
A, G+1)A)j=0,1 »** 7~ 1. Suppose that f;: j=0,1,--- is an infinite se-
quence and f(s), s;) is a function defined by

(3.13) f(s1, 8= fisi i s €A, (i + 1)4).

Then the expression

r—=1r-

3 3% -~ AXN, = )=

(3.14)

= fo' L' X (s1, Sz)f(51, Sz)[N(ds,) - ’-LdSI][N(dsz) - ﬂ—dsz]

is of the form (2.18) with q=2.
The local efficiency of (3.14) is optimized by choosing

A

(3.15) f,~=k;=f (A—Is])k’(0,jA+ s)ds /A2,
-A

the local efficiency with respect to the best ¢ =2 term being

1= 2 =il [ @=1sDik0.s+78) - kipas

=—r

(3.16)

f_ (t = |s)k'(O, s)[ds.

Thus one will choose r sufficiently large to make (3.16) close to 1. The function f
defined by (3.13) is not invariant under translation of its arguments. However
this condition is not required for the small sample results and analogues of the
asymptotic results can be obtained.

Let

@1y di=r43 (N, - u A)exp(2miji/r)

(4]
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and
(3.18) H(A)=22, kicos(2mijr).

j=t

Following Theorem 4.8 of Davies (1973) one can show that as t — o, with A fixed
and with f; replaced by kj, (3.14) is asymptotically equivalent to

r—1 r—1

(3.19) 20 [(N; — gAY — N, ]k + ’20 |di PH (/).
~ . <

This is the suggested version of the g =2 term.

4. Examples

(1) Gauss—-Poisson process. We observe a point process consisting of the
superposition of two processes. The first is a Poisson process with rate u. The
second process is generated as follows: each point in the first process, with
probability £, independently gives rise to a point in the second process, the
distance between each initiating point and the corresponding generated point
being distributed with a known probability density function y(-). When £ =0
the process is Poisson with rate 4 and when £>0 it is of the so-called
Gauss-Poisson type (see, for example, Milne and Westcott (1972)). We wish to
test the hypothesis { = 0 against the alternative £ >0. The probability generat-
ing functional may be derived:

tog ETT[w(T)] = (1+ &) [ [u(s) - 1)ds

+ ﬂff j [u(s)) — 1][u(s2) = 1]y (51— s2)dsqds.

One may then calculate the right-hand side of (2.3) and hence find
k(s)=pn(@1+§), k(si, 52) = pé[y(s: = s2) + y(s2— s1)], k(si,-+,5)=0

if ¢ >2. Hence, in this case, only the first two terms of the series (2.15) are
non-zero and if u is unknown one will consider

4.1) = x(sl,sz)[y(sl—s2)+y(sz—sl')]fI[N(dsi)—,:dsi]
2#« 51=0 Jsz=0 1

which will have asymptotic local efficiency equal to 1 when compared with
variables uncorrelated with n. Further under the Poisson hypothesis (4.1) is
asymptotically normally distributed with zero mean and variance

1 ("

50 ). Y&+ v(=s)ds.
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Expression (4.1) is asymptotically equivalent to
-1
=S kUt — UDLAL, - i)
2# i%0
where I, is given by (3.2) and
K'(Aq, —A)= f {y(s)+ y(—s))e>™*ds.

A test commonly used for detecting deviations from the Poisson distribution is
obtained by dividing the interval of observation, (0, 1), into subintervals of length
A say and then calculating the ratio of the variance to the mean of the numbers
of points occurring in the sub-intervals. It is of interest to find the efficiency of
this test for the example. We use the notation of the last part of Section 3. The
appropriate random variable to be considered is

r—1

4.2) : > (N, —pAY—n

. i=0
This is just (3.17) with fo=1 and f, = 0 if i % 0 and hence the asymptotic local
efficiency can be calculated:

@3 & @-1spiver+ v(=slds| / f _ [v(s)+ v(~9)Fds.

The efficiency is highest when y(s)+ y(—s)=2(A - Is])/A%if [s| <A, O other-
wise, and then it is 2.

In this and the following examples y might be known up to an unknown scale
factor. For example in the ‘triangular’ form for y just considered A might be
unknown. The present theory may be extended to this situation in the manner
suggested by Davies (1977).

(i) Self-exciting (or epidemic) process. We consider a point process which at
any time f, has conditional rate, given the past,

b+ €[ vitom )NGs)

where y(s) is a probability density function. This process may be considered as a
simple model for the infection times in a population where there is contagion
and also a spontaneous generation of infection. In effect one has a primary
Poisson process of rate u, each point of which gives rise to a branching process of
secondary points. This process has been discussed by Hawkes (1971) and optimal
tests of the hypothesis £ =0 (no contagion) against £ = O(t™}) have been
considered by Yang (1968).

The locally optimal test considers arbitrarily small £ and so the secondary
processes die out very quickly. In fact in time ¢ only O(£%r) ‘epidemics’ with
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more than one secondary case will occur and, when compared with the O(ét)
‘epidemics’ with one secondary case, can be ignored. Hence as far as the locally
optimal test is concerned the problem reduces to that in ().

(iii) Neyman-Scott cluster process. We suppose there is an unobserved
primary Poisson process with rate & and that given this process the observed
process is Poisson with rate at time fo

4.4 I +af y(to— s)M(ds)

where M is the measure corresponding to the primary process and y is a
(known) probability density function. This type of process has been considered
in a wide variety of situations, see for example, Vere-Jones (1970). The present
example is a super-position of a Poisson process with rate u and a cluster
process; the clusters having an average of a points each and occurring at rate g 1f
we wish to test the hypothesis a = 0 against a >0 the problem again reduces to
the Gauss—Poisson situation. However if a is supposed to be a known parameter
and we wish to test £ = 0 against £ >0 clusters with more than two elements will
be significant. The probability generating functional is given by

tog ETT[w(T)} = & [ [u(s)~ 1}ds

+§f{exp[aj(u(s+x)—1)y(x)dx]—1}ds
and hence k(s)=pu + £a and for ¢ >1

4.5) k(sl,'--,s.,)=§a"J: 1—1[7(& - x)dx

and so all terms in (2.15) contain information. One can also calculate (for g > 1)

q
k(Ar, e Aq)= a1 y(s)exp (2miA;s )ds.
i=1

Thus, in principle, expressions (2.29) and (3.13) could be evaluated. In practice
one would be unwilling to evaluate more than the g = 2 term although it would
be possible to use the third- and fourth-order terms particularly if an approxima-
tion similar to (3.22) was used. In order to find the efficiency of the resulting test
it is necessary to find 7; defined in (2.12). In the present example, for ¢ > 1,

(4.6) T2 o™ J” U:_m 'y(s—x)y(s)ds]qu.

T qlp s

For definiteness we will consider a particular value of y: y(s)=1/Aif0<s <A
and 0 otherwise. Then -
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@.7) 72=2a%/[(q + 1) u?A).

Thus if a®/(uA) is less than one most of the information will be in the
second-order term. This corresponds to a small cluster size or a cluster length
long compared with 1/u. On the other hand if a’/(uA) is large compared with
one, tests based on low-order terms will be very inefficient. In marginal cases it
may be worth calculating third- and fourth-order terms. However a will have to
be known in order to obtain the correct weighting of these terms.
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Appendix: Proofs of the theorems

Proof of Theorem 2.1. To simplify the notation we suppress the u in the
argument lists of the various functions considered. Since k(ti, o155 &) is
invariant under permutation of its arguments, f,,---, ¢, it is convenient to
consider k as a set function defined for finite sets:

k(S; &) =k(ti, -, 1,; &)
iftS={t,,---, 1}
Suppose that for some 8 >0

- e
(A1) S ks o)l dry <o
9= . ,¢]9

Then it can be shown that the probability density for the points occurring in
0,t): Ty, -+, T,, with respect to Lebesgue measure on SR is given by

(A2) p(Tn,---,T..;§)=e““’2gh(8;;f)

where the sum is over all partitions {S, ,- - -, 8.} of the set {T,,---, T.} and

(A3) hO=5G [ ks e)dus- - du,

(A4) h(tl,"',tq;f):Z]gTZ[ y k(tl,"',tq,ul,"’,u,»;f)dul"'duj.
j= . 0, ¢t}

This result was given by Kuznetsov and Stratonovich (1956). A rigorous proof

can be given along the lines of Macchi (1975). Our first lemma, which we state

without proof, concerns the differentiability of the function h just defined.

Lemma Al. Suppose (2.5), (2.6) and (2.7) are satisfied and h (ti, oty &) is
defined by (A3) if ¢ =0 and (A4) otherwise. Then
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Low 1

lim ), — h(t,, - t.; E)—h({t,, -+, 1,0
5) im 3 21 oo (B G 00ts ) Rt 1 OVE

— h’(tl,' . ',tq)Idtl PN dtq =0
where
a6 W)= SER ke un w)du -y,

=0 ]: [0, ¥
(the initial term being omitted when q = 0). Further
(A7) SL[ Wl di <o
i=0q! Jo.pe

Another lemma, which we will state without proof, follows.

Lemma A2. Suppose {¢;:j=1,2,---} is an infinite sequence satisfying
Zlalljt<e.
Then

o5 am]- 513

1
j=1 q=0 q!1 10

1
U Csj)

where the sum (i) is over all partitions {S,, - -, S;} of {1, - -, q} and | S| indicates
the number of elements in the set S.

The next lemma concerns the differentiability of p.

Lemma A3. Suppose (2.4), (2.5), (2.6), (2.7) are satisfied, p(t,, -, t,; €)is as
defined by (A2) and

(AS) p,(tl"'"tq)=e_mizo%):l.‘q~ihl(8i)

where the sum (i) is over all subsets (including the empty subset) S; of {t,," - -, t,}
with j elements. Then

hmi IJ’ ,[p(th“"tq;f).—p(tl""’tq;o)]/g

[ Read UPr=i]
0< < - <tg<t
(A9) —p'(ti, o, )| dti-- - dt; = 0.

Proof.

p(tla”'vtq;g)_p(tly"')tq;o)

=exp(6h(§)+(1- 0)h(0))2£[1[0h(5;; £)+ (1= 6)h(S;;0)] —pTe™



742 ROBERT B. DAVIES

where the sum is over all partitions {S, ,- - -, S}of{t,,---,t,}and 8 = 1. Expand
in a Taylor series in 8 to obtain

e_m(Z, f"q_i[h(tm st '7'tv,~; f)_ h(tw PR 'vl; 0)]
+%CXP(9*! (&)+(1-06)hn (0))% [A(Ry; €)= h(R:; 0)) [R(R £)— h(R;; 0)]
T1108(5 )~ 1 - 0)n(s;; 0)

where the sum (i) is over all subsets (v, ,- - -, y;) of {1,---,q}, the sum (ii) is over
all partitions {R,, R, S,, -+, S,} of {t;, - &}, and 0< @ <1.
Thus (A9) is bounded by

_“t“’_l—q q q-j cea fo _ e g
. e_qzoq!;(})()&t) f[o,.]l l[h(tl’ ’t], E) h(tla ";9 0)]/§
_h’(tl,"',t;),df]‘“dff

4A+éexp(8h(§)+(l - o)h(O))-g) 711_!

SO L s 9= b 15 0l

SO s =R g 0 ay
i=o\ ] fo, :3

> [ T encs: €)= (1- 0)h(S:; O)\dt,-- - dt,_,.;
Gii) Jfo,s)? 4

i=1
where the sum (jii) is over all partitions {S,, - -, S:} of {t,, -, t,_._;}. Further

simplification involving changing the order of summation and applying Lemma
A2 leads to the bound

Bt o5 D= R 5 O = h -

+3exp @@+ - 0hO)- [ 3 L[ Ikt 5 )

2
—h(t;,“',t;;O)Idt,'-~dt,~]

-exp[i}.l!ﬁw ’6}:(:‘,,-~-,t,~;§)—(1—~0)h(t.,---,t,-;O)’dt,---dt;]

i

and this tends to zero as £ — 0. This completes the proof of the lemma.
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We are now in a position to prove Theorem 2.1. Condition (2.6) implies that
(A1) is satisfied. Now p(t,,- -+, 2;; 0) = %™ so that, in view of (A9), the locally
optimal test statistic is

(A10) z0= IZO % p'h'(S;)

where the sum (i) is over all subsets of j elements of {T,, -+, T,}. Z“ may be
expressed as

- j

z0=5 b [ xG b ) [T NG
1‘0] u 1

where N is as defined in Section 2. Expanding h'(t, ,- - -, ¢;) according to (A3) and

(A4) and changing the order of summation we find

zm—z—l—j o Xl Gt t)E—,%q—%ﬂN(dt) H pdt;

q=1 M -+
- 1 '
= 2 —'_;4’;0 e Xty stk (b, ey tq)il:![N(dti)_ ua]

and this completes the proof of Theorem 2.1.

Proof of Theorem 2.2. Statements (i), (ii) and (iii) may be proved rigorously
by expanding the differential parts of (2.18) to form an expression of the form
(A10) and taking expectations conditionally on n being given. Alternatively
heuristic proofs may be given by taking expectations of the differential parts.
Statement (iv) is proved by application of the Lebesgue convergence theorem.
To prove (v) one applies the central limit theorem to the sum of integrals of the
form (2.18) but taken over [vr,(v + 1)7]*: v =0,1,- -, [¢/7] for fixed = with ¢
tending to infinity and then shows that for large 7 this sum approximates (2.18).

We now proceed with a sketch of the proof of Theorem 2.6, but first we need
two lemmas which we state without proof.

Lemma A4. Suppose

(AL2) %0 = 112

where the sum is over all subsets {v; - - - v} of | elements of {q,- - -, r}. Then x.,,
is a polynomial of degree 2[ in r.

Lemma AS. Suppose f(t:," -, 1) is invariant under permutation or transla-
tion of its arguments and satisfies (2.20). Then

q 2
(A13) gai+n f [ f flt )] dt;] [Tar
fo, ¥ (%) il j+1
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is bounded by the integral (2.20). Further if g >j >0 o0r g >1,j =0 then (A13)
tends to zero as ¢ tends to infinity.

Expression (2.28) is bounded by the sum of the two terms:

(A14) ¢

J;O,:]" FLONEEN AN S LS { (T #)]H[N(dt,»)—ﬁdt,.]’

and

q q
@19) [ st s w{[TING@ - adu) - [T i) - )|
The second term (A15) can be expressed

St -y (f) b [ ) [TING) - pdn [ e

Taking the variance of the jth integral, it follows from (A13) that (A15) tends
to zero in probability as ¢ — « provided g > 1.

We consider the conditional expectation of the square of (A14) given n. After
expanding the differential part and considering the n points as being indepen-
dently uniformly distributed on (0, r) and carrying out considerable manipulation
one obtains

12 e [ 0

—flt, -, & #)}dtﬁ-l cet dtq]zdtl s dy
(A16)
la!/(q - ;)‘l’( ) e

SR N {(-d)- ()

In the final product (2.48) the coefficient of n™* is a polynomial of degree 2v in
(r + 5). This will cancel when the sum over r and s is formed if v < q — j. Thus
the coefficient of the jth integral is of the order O(¢'n~“") and thus (A16)
tends to zero in probability as t > and 4 — p. Thls completes the sketch of the
proof of Theorem 2.6.

Proof of Theorem 3.1. Let

o o

gt )= 2 o D fltntat s, o 1, + wt).

va=—x vg=—

Then g, is integrable on [0, ¢}°. Further
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q
1 g, t.,)exp(ZfriE l,-t,-/t)dtl <o dty
t [0_,]1 :l
1 d
= -I exp(21ri2 l,-tllt)J’ flt, e t)
t 171 =0 j=1 R!
q q
exXp [21Ti(— 2 l,tl/t + 2 l’tl/t)]dtl P dtq
j=2 j=2

=0 if SL#0 and ¢(li/t, -, lL/t) otherwise. In view of 3.5)

S Dol ) <®

L+ tilg=0

and hence by the Fourier inversion theorem

q
g, )= t""“)z - 2 d(li/t, Iq/t)exp(— 2‘n'iz l,-t,~/t>.

h+ -+l =0

By decomposing the differential term one can show

[ CERT Rl (LU

= ,-(4-1)2 ee 2 oL/t l.,/t)f:(ll/t, NN

Lt tly=0
Thus (3.6) is equal to
(A17) t"uvq!flow [t rte)— 8ltr, L t)Pdty - - - de,.
Now

‘_IJ'W‘], 1ty 1) = & (tn, s 1)ty - - dt, >0 ast —>o
and also

I_II [gt(fn"" tq)]zdt"”dt"
fo.1)¢
= [‘("")2 oo Z |¢(11/t, Y Iq/t)lz'(ll/tv Y lq/t)'z
Lt tly=0

—)J‘ |¢(—(A2+...+AQ)’A2,'.'sAq)lszZ"'qu
Rt

N f O 0y )P dte

745
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These two results together with Theorem 2.2 (iv) imply that (A17) tends to zero
as t — . This completes the proof.

References

BRIGHAM, E. O. (1974) The Fast Fourier Transform. Prentice Hall, Englewood Cliffs, N. J.

BRILLINGER, D. R. (1972) The spectral analysis of stationary interval functions. Proc. 6th
Berkeley Symp. Math. Statist. Prob. 483-513.

BRILLINGER, D. R. (1975) Time Series Analysis, Data Analysis and Theory. Holt Rinehart and
Winston, New York.

Cox, D. R. AND LEwts, P. A. W, {(1966) The Statistical Analysis of a Series of Events. Methuen,
London.

Davigs, R. B. (1973) Asymptotic inference in stationary Gaussian time-series. Adv. Appl. Prob.
5, 469-497.

DaviEs, R. B. (1977} Hypothesis testing when a nuisance parameter is present only under the
alternative. Biometrika 64, 247-254.

HAwkEs, A. G. (1971) Spectra of some self-exciting and mutually exciting point processes.
Biometrika 58, 83-90.

KENDALL, M. G. AND STUART, A. (1961) The Advanced Theory of Statistics, Vol 2: Inference and
Relationship. Griffin, London.

KuzneTsov, P. 1. anp STRATONOVICH, R. L. (1956) On the mathematical theory of correlated
random points. Izv. Akad. Nauk. SSSR Ser. Mat. 20, 167-178. Sel. Trans. Math. Statist. Prob. 17,
(1968), Amer. Math. Soc.

MaccHi, O. (1975) The coincidence approach to stochastic point processes. Adv. Appl. Prob. 7,
83-122,

MILNE, R. K. AND WESTCOTT, M. (1972) Summary of “Further results for Gauss—Poisson
processes”. In Stochastic Point Processes, ed. P. A. W. Lewis. Wiley, New York, 257-260.

NEYMaN, J. (1959) Optimal asymptotic tests of composite statistical hypotheses. In Probability
and Statistics, The Harald Cramér Volume, ed. U. Grenander. Wiley, New York.

VERE-JONES, D. (1970} Stochastic models for carthquake occurrences. J. R. Statist. Soc. B 32,
1-62.

YANG, G. L. (1968) Contagion in stochastic models for epidemics. Ann. Math. Statist. 39,
1863-1889. )



