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. We observe a stationary IIRIltivariate point process. consisting 

,t .,.. 

of :r parallei univariate point processes, over a tt.e interval, 
. , ;' .~, -, ,. .. '; ,,~ : - ," '. ' . 

(o~t) and wish to test the hypOthesis that its :r components .are 

independent and Poisson. . SUppose that we have a probability lIIOdel 

for the process dependinq on :r + 1 unJrnown parameters, 1! 1 ' ••• 1!:r 
and t ~ 0 such that if t - o the ca.ponent processes are 

'. r'" 
independent Poisson processes with rates 1!1'" .1!zi. The required . 

test then becaMS a test of' the hypothesis 't. 0 aqainst the 

alternative t > O. 

In this paper we qeneralise the results of Davies (1977) by 

expressinq the locally optimal test statistic as the sum of an 

infinite series, each tera beinq based on a different order of 

cumulant and, in effect, providing a different piece of information. 

It is convenient to consider the multivariate point process 

as a point process in R x ·{1 •••• :r} so that a point in this space 
• indicates both the. time of occurrence of the point and in which 

component process it occurs. The outcome of the process may be 

expressed as an inteqer valued random_asure, N. which assiqns 

a measure 1 ,1;0 each point of . R x {1, .•• :r} at which a point of 

the process Occurs. . 'l'hrouqhout this paper we suppose that the point 

process is orderly (only one point at a time) and stationary • 
• 

Suppose that for each. q . the q-th order cumulant density can 

be defined: 



14.1 

(1) 

for eapb q4:iIlt~Q~ :poin~ t 1, ••• t q ¥t R . .x,{1, .••. 1'}~. 
ti, +,!. ,c!ta~tesapoint at t~ or after a point.,t{, ~ .. ~ same 

c~ne~t process and E(· I ~,~) denotes expectation ~' the 
• ~ : ',,: • • • , .', ~ ,-' • .' • - , •• > • .' " • 

JDOClel ~tbparaDl8tu..J and.}!- -.'1l1'·· .~1'). '1b~va:L~ 9f k 
. -- ' .,. . . ~ . -, . ' "'. " 

when 2 pf its· arguments ~incide 18 immaterial and may be defined 
. ::, 'f ".' ',,',.-"' ~-:-.. : ->. - '::" . ' .: j «,,:./, . • " 

by c~t~ui~r •. ~~,k.(t~ ••• :t,q:,; ,?~c~} -0 if q > 0 . and ~J if 

q - 1 and t 1 is in the J-th process. Suppose that 
,',' ",-.': " -\:. " ':"':a·" ": -'. -, ,', :-" ". . ,-' -

kJ~.r,~··~q; !:!),:~,~(t1,H •• tq;t.~) I ~ • 0 '. (2) 

_y be def~ •.. ,x..t X(t1,. '''~qJ - 1 1£ .al.l of the ti are dis­

Unct and O· otherwise. .J, let z(t). denOte the derivative, 

with respeCt to ~. and evaluateta at ~ - 0, of the loq-likelifiood 

of the J)rodUs obsened'oVer (O:.'tJ.~,n, U1sboWn. the 
~ 

'lbCaliyoptDa1 teat ofth' bypothed.: t- oagiliWet 'the al ter-

native t > 0" rej~t8 til. hypothe.is·~r: large "iii1eii of zit). 
. , " .,. it • .... -.",; 

An inaediate generalisation of the result of Davie. (1977) 

obta~ "bY' differentiating a fo~a of XUznetBOv' ~'Stratono-
vich (1956) is that" , " " • 

(t) , ''':(t)' ': z .. t Z 
1 q 

(3) 

and ~(ti,) - llJ if ti, is ~n the J~~ process. In addition unde1 

the hypothe~is,that the component processes are independent and 

~isBOn the random variables t-~ zq'tJ are asymptotically 

independently normally distributed with· zero mean and vuianqe or 2 
q 

given by 



(5) 

. 
wheJ:e . o. 4enotea th. tiJieO '. in thej-th prOcess. As in Davies 

(19-,1), 3Tq2.ttlpre,~t. '~~t of ~fOrm&~ori~~ ., ~r/t) . In 

thew.ualsl~tionWhen:~' ia unknown, the 'Z{tJ Coiitainsno 

useful ~~~~ aQ4'~t'btI' QI!Ilitted' fro. the ·sei£~"(3) ~ "'in 
the othei'~Da 'ui!lay;uyiliptotically, .berepl.a6ea 'by"'~ ,i-

I \ _ ' Jt. _,;."::,"; .~-'_.~',., .:; '_ ~ ", .' ,~ . : ',' ",'.," .:.' .. ;. ' 

estimat..Al~r" ~n' Davies (1977), (4) is asymptotically equi-
._ .. ' ..... ,"' :.' ~ ... ,", -'. . .1"':'· .' •• ' ,_ '. . "." _" ',' ,,"; :'. ' 

valent· to'. ten-. _con the q-th order. cwaulant spe~. 

In~~tice onewouid<prefernot to have to calculate .ore , 
. tbaft. the ~ .. -,~ ,t~ .Z~t) in' (3) ,although it i~ probably 

'f.llilileto .'l::Ulate uP totMfourth or4er term. .If .. 
.T·~ltT2,,; ..... , ..•... , .•.. ' '.' .. ' (6) 

,2 ",29 .. " . . 
Uclote,t;9.1, then 8I08tofthe .infonl&tion is in the seccmd '.' " 

" ':.: ': ":;: .:} .... ~:.:. - "-'- .. :. - . . - . . ' " . . 

~~ .. ,.,:.: .. _~ ,bued on., it would becl08e to bein9local1y 

~i"';;'}.~,~qther haD4, if, (6)1.8 I!lUch le8. than 1 th.:n a 

'~t'~eaOl\:; i/1;)' '. WOUlcs bave low efficiency. . , 
,,;';"~:":"2 '.. ..' ",' ..... . ... ,. ,', .... '. .' .' 

~.,.~t,Q clarify1:b8 1'~ ~ct notation we look at itf':- ",' .',' , .... ", '. "',' . ""'.' . . 
~'J.hlliOre4etail~ 81:IP.PO",1",. 2,k, ,(t), k2i t ), k12(t} 

.c!enOte'.i:be auto- .an4crcin~1ance densities and N, and· N2 

the··n ........... oOrx~, to the 2 series. 'l1len 

z~t) -t ~ ~ i:'~xtt,~ t2F1c;.ift,-t2J ~) ~ {N/dt1)-Il(lt{} 
l1J. ' 1 . 

1t>':t-; . .'.. . 
+ l1,ll2 {,{,k'2(t,-ta:i~){N1(dt1)-Il,dt1}{Na'dt2)-1l2dt2}(7) . 

and . '. . 
2,2, t ".·2· .. 1 t·, '2·" 

T2 - 2"t , {,. {k#(B;~)}dB + iIii'"" '0 {k'2(B;~)} dB. 
, lli. . , 2 

"".,_ple 

Consider 2 processes, . the first one beinq Poisson with rate 

ll, and the seco.nd beinq the superposition of a Poisson process 

.' 
.~ \, ' .. 

'i 

• 



with rate 112 and a pzoceaa generated u fQllows: with probabi­

lity t· each point, r, of the first process independently qene­

rates a point at a tiM unlfonlly distributed in (r~ r + 6) where 

6 is a known constant. ~ the processes are separately Poisson 

80 k". k22 - O. However, 'k'2(t;t~~) - (l1,/6 if 0 < t < 6 
and"C)' ~ia8~ .. The hi'9her ordei- teJ:M are zero and 80 the 

test baaed on just the second term of (7) is locally optimal. 
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SUlIQUtY 

'!be re.ulta ~f,)~ ... ~ .. (1,71), ~~iaadtoaiau).tl~riate 
point pr:oc ... , prov14e • teat .of the i~nc.· of •. Poi.'on 

. s'. . . • 
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