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m POR INDEPENDENCE Bm POISSOM PmCESSES

" H.B. Davies ’
Appued mthmtsl.c. mvhion, D.S.X.R., llenington New Zealand

4
' We observe a statiomxy mﬂ.tivar:l.ate po:l.nt process, consisting

of »r parallel univariate po:l.nt processea, over a tine inteml,
(0,t) and wish to test the hypothesis that its r components are
independent and ?oiuon. ‘Suppose that we have :a probability model

"for the process depending on » + 1 unknown j:araﬂtera, Hypooolly

and E 2 0 such that if £ =0 ‘the couponent processes are
independent Poisson processes with rates u1 2++-Hpy. - The required
test then becomes a test of the hypothesil E = 0 against the
altemti.ve £ > 0. '

~ In this paper, we generalise the results of Davies (1977) by
expressing the locally optimal test statistic as the sum of an
infinite series, each term be:l.ng based on a different order of

-

cumulant and, in effect, providing a different piece of information. |

It is convenient to consider the multivariate po:lnt process
as a point process in R x {1,...r} so that a point in this space
- indicates both the .time of occurrence of the point and in which

\ component process it occurs. The outcome of the process may be
expressed as an integer valued random measure, N, which assigns
a measure 1 o each point of R x {1,...r} at which a patnt of
the process éccurs. - Throughout this paper we suppose that the point
precess is orderly (only one point at a time) and stationary

Suppose that for each q the q-th order cumulant density can
be defined:
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Ig(t1,...tq; &

- -q & N(t-,tm""f)—
=l T L -&—q log E[n TR At A |- N TH Iﬁ' -1 (1)

for each q diltinct points t1,...tq in Rx {1,...1'} whem
t ;1 * 71" loonotes a point at time T after o point 'l: :l.n the same
companent process and E(- | E,IJ) denotes expectation under t.he
model with pqum- & ana u- (Hyseesbly). The valuo of k
when 2 of its argunonts coincide is immaterial and may be defined
bycontinuity.__- 'I‘hus k(’bt,...t ,o,u) =0 if g>0 and . if

. , q° J
q =1 and t is in the J-th procesa. Suppose that

kh(t poeat ,u) Eﬁ(#,....t g,u) E-O»' (2)

may be defimd Let x(t.',.utq) - 1(1:)” all of the t are dis-
tinct and 0 otherwise. !low let 2 denote the derivative,

. with reapect to & and evaluated at £ = 0, of the log-likelifiood
of the procéss observed over “(0,t). tThus, if E is known, the
 “localiy opt‘.lml test of the hypothesis & = 0 “aqainst the alter-

“native £ > 0 rejects th& hypothesis fo: latqe vd:lueﬁ of z’“

An imod:l.ate gmralisotion of the result of Davies (1977)
| obtained BY differentiating a fomia of mznetsov and“' Stratono-
Ivich(1956) is that R AR B

(8 qt)’ - aE
= z - y
Iz, NE)

where

6y 1 ' L N(dt) |
LBy =T { x(t1,...tq)k (t1,...tq,u) n W’E‘T ~dt;{  (4)
Leo,t)x{1,...r}3? .

and Ut ) = ".1' if ¢, is in the j-thprocess. In addition undez

the hypothesis‘ that the component processes are independent and

Poisson the random variables ¢ ~ q(t)

independentiy normally distributed with zero mean and variance T qz

are asymptotical ly

given by



142
. | | o q‘ a, -
2_ 1 1 : 2
T =T :1: o {k f%*zs-- tq,u)} -ﬂ—;)- (S)
'Enx{.'lc- l‘}]q 1 '.-\' : . ‘
where 0, aenom the ‘time. o in the j-th process. As in Davies
2 z () 1

(1977), q repremts the amount of. intomti.on in
‘the usual situation when )i is unknown, the Z{%/° eanu.tns no
uaeful :Infomtion and mt be omitted from the series (3)

"the other tem n uy, asynptot:lcally, he replaced by ln
-‘i_utimate. ulo, u :I.n Davies (1977), (4) is aaynptotically oqui-
valent to' a te:rn mea on the q-th order cumulant spectrm*

In pructice one wuld prefer not to have to calculate more
-thaa the umm tetn zfﬁ in (3), although it is prcbably
-':'nunﬂe to aalcnlate np to tu- rou:th order term. If

2/’g‘l.' L .' T o o (6) ..
tp 1 than mt of tho infomtion is in the second -': |

| “ ‘- ."’.,‘@'.

oo

: 'optianl méﬂn' other hand, i ® 18 mach less than thep,a_ o
ed on:: 8{” mld havo l.ow etticiency. | | Ly

ip \ m ch.rify ‘l:bc ruthdt cqma,ct: notation we look at
_.;;t’ in'wore detail. Supposs T = 25 K [(£), kyo(t), ko (t)
Vdonota the auto- and cmswiance densities and N, md N
"thorandmmmrtummwthezseries. Then

(t) 12 1 ¢ ' o
% .-2-.;:”_-‘?! f”xrt t)kj t-ts‘,, u)n{zv (dt)-ujdt} o
AT S
+ T .g J; k (t -tz,u){N (dt )-u dt, HN, (dt )-uzdtz}(‘n L
R . P e
.Tz > Eujz {, {kjj(a,u{} da +- u1u2 o {k (s,g)? Ids.

Consider 2 processes; the first one being Poisson with :ate _
Y, and the second being the superposition of a Poiss_on process
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with rate uz ‘and a. pzocess generated u follows: with prc;babi-
14ty & each point, T, of the first process. independently gene-
'ratas’ a .point ﬁt a time uniformly distributed in (T, T + A) where
A is a known constant. 'n'nen the processes are separately Poisson
80 k,, =k,, = 0. However, k ,(t;E,1) = Euy/b i 0<t<p
and - 0 otherviu . The higher order tem are zero and so the
test based on jult. the seoond term of (7) is locally optiml.
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